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1. Introduction

Systems theory is a field of mathematics and engineering studying phenomena
that can be controlled and observed through particular external signals. The
underlying physical system is often called a plant. The signal affecting the sys-
tem is called input and the observed signal is called output. This is illustrated
on the left in Figure 1.1. At the end of Section 1.1, we list different types of
problems that are typically addressed in mathematical systems theory. Let us
take here a more historical perspective and present the example that led to the
emergence of mathematical systems theory. In the example, the plant being
controlled is a steam engine with varying load. The input u is the opening
of the valve controlling the steam flow to the engine. The output y is the
rotational speed of the engine. Of course if the valve is not adjusted when the
engine load increases, the engine will slow down. To compensate the variations
in the load, one can design a controller that somehow converts the output to
an input signal in such a manner that reducing the rotational speed makes the
valve open and vice versa. This principle is called feedback control and it is
illustrated on the right in Figure 1.1, with K denoting the controller. James
Watt designed a feedback controller for the steam engine, called a centrifugal
governor. In his design, there are two masses attached to rods which, in turn,
are attached to a central axle by a hinge mechanism. The rotation of the axle
causes a centrifugal force pushing the two masses away from the axle, and the

hinge mechanism converts this movement into a control of the valve.

PLANT >

—> PLANT |[—— u

Figure 1.1. Left: A system with input v and output y. Right: The principle of feedback
control.



Introduction

Watt’s controller was by no means the first feedback control mechanism
ever developed, but its occasional instability prompted James Maxwell to do
research on the matter. In his article [36] from 1868, titled “On governors”, he
noted that the motion of the controlled system consists of a steady motion and
an additive perturbation. He divided these perturbations into four categories:
increasing, diminishing, oscillation with increasing amplitude, and oscillation
with diminishing amplitude. In short, he then derives differential equations
and the corresponding characteristic polynomials for the coupled mechanical
systems and concludes that for the system to be stable, the real parts of the
roots of the characteristic polynomial must be negative. Maxwell’s article is
usually regarded as the starting point of mathematical systems theory.

This example also illuminates the methodology of mathematical systems the-
ory. The first task in control problems is to develop a mathematical model
for the plant. This modeling can be based on physical considerations, as in
Maxwell’s case, or it can be a so-called black box model, which is constructed
by feeding some input signals into the system, and measuring the correspond-
ing output. A model with some pre-defined structure is then fitted to the
data. The mathematical model is then used for solving the problem at hand.
One widely used representation for mathematical models is the state space
representation. It is also used in this thesis and it is introduced in the next

section.

1.1 Linear state space approach

In the state space representation it is assumed that all the essential informa-
tion on the state of the plant can be represented as a vector called the state of
the system. The vector space where the state takes values is called the state
space and it can be either finite or infinite dimensional. The state is assumed
to have some kind of dynamics in discrete or continuous time. These dynamics
equations can be linear or nonlinear. The results of this thesis are exclusively
concerned with linear state space models whose dynamics are formally gov-

erned by differential equations of the form

dr(t) = Az u z(0) ==
70 (t) = Ax(t) + Bu(t), (0) = xo, @)
y(t) = Cx(t) + Du(t)

or, in the discrete time setting, by difference equations (2.10), see Section 2.2

below. The state of the system is x, and u and y are the input and the output,

10



Introduction

respectively. It is assumed that x € X, u € U, and y € ) where X is the state
space, U the input space, and ) the output space and they are all assumed to
be separable Hilbert spaces. Thus the linear system can be represented as a

block operator and the corresponding spaces,
S::[ég}:XXU—LXXy. (1.2)

The operator A is called the main operator, B is the input or control operator,
C the output or observation operator, and D the feedthrough operator.
In the case when X and U are finite dimensional, the solution to (1.1) is given

by the matrix exponential and the so-called variation of parameters formula,

x(t) = ey + /t A=) Bu(s) ds, (1.3)
0
assuming u € L2(RT;R™). Even this regularity assumption can be relaxed if
the integral is understood in a more general sense; for example if u is white
noise, then (1.3) has to be replaced by a Wiener integral.
To give a hint of what kind of problems are addressed in classical systems
theory, let us give a non-exhaustive list, together with some classical examples

and both historical and state-of-the-art references.

e Well-posedness: In (1.3) we already provided the solution to (1.1) if our
system is finite dimensional. It is also rather easy to check that this solution
is differentiable one time more than the input signal u. However, when
the system is infinite dimensional then establishing the solvability of the
dynamics equations and the smoothness of solutions can be far from trivial.
These kinds of problems are typically known as well-posedness problems. In
particular, when the system dynamics are governed by partial differential
equations with control action through time-dependent boundary conditions,
the control operator B is unbounded. The well-posedness of these boundary
control systems is the subject of publications I and IV and so a more thorough

introduction is given in Section 2.1.

e Stability and stabilization: The stability of a steam engine controlled by
a governor system was already the topic of Maxwell’s paper [36]. The differ-
ent stability concepts and related results for infinite dimensional systems are
discussed in [40] by Pritchard and Zabczyk and [49, Chapter 8] by Staffans.
To give some intuition, we note that a finite dimensional system is stable if

the eigenvalues of the matrix A have negative real parts. If w = 0 then for

11
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any g, the solution of (1.1) converges to zero. Also for any u € L2(R*;U),
the solution z(¢) remains bounded.

If the feedback controller in Fig. 1.1 is linear, then plugging u(t) = Ky(t)
to (1.1) gives %x(t) = (A+ KC)z(t). It is possible that A has eigenvalues
with positive real parts but A + KC does not. Then K is a stabilizing
feedback controller for the system. For example, the case B = C* in (1.1)
is called colocated control/observation. Then the feedback u = —ky with
K > 0 leads to Lx(t) = (A — kC*C)a(t) and further, 4 (% ||x(t)||2X) -
(x(t), Az(t)) p — £ |Cx(t) ||§, Clearly such feedback has a stabilizing effect on
the system, see [10] by Curtain and Weiss.

Controllability and observability of systems: A fundamental question
related to a system is whether for any vectors zp € X and x; € & there exists
a control signal u so that #(T') = x; for some T'. This property is called ezact
controllability at time T. In particular, in infinite dimensions, it is a rather
strong property, and other, weaker notions exist, see [52, Chapter 11].
With linear systems, the dual concept of controllability is observability.
The observability at time T can be defined so that any initial state can
be distinguished from the corresponding output on time interval [0,77] (if

u = 0). However, in literature, the characterization

T
/0 ICT(t)xol?, dt > kr |20l

is often taken as the definition of ezact observability at time T. This is
equivalent to the existence of a bounded operator K € L(L?([0,T);Y), X),
such that zy = Ky, see [52, Remark 6.1.5].

In finite dimensions (dim(X) = n), the exact controllability is equivalent

to the Kalman rank condition, that is, rank([B|AB|A%B|..|A""'B]) = n.
C

The exact observability is equivalent to rank =n.

cAn—1
For recent results on controllability and observability, see for example [27]

by Li et al. for results on systems governed by partial differential equations,

and [57] by Weiss and Zhao for results on coupled systems.

Optimal control: One typical control problem is how to choose the control
signal u so that some cost functional is minimized. This field is so wide that

we only mention the classical problem with quadratic cost function
T
J = (@(T), Pra(T)) x +/0 ({z(t), Qz(t)) x + (ult), Ru(t)), )dt

12
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where Pp,Q € L(X), and R € L(U) are positive and self-adjoint opera-
tors. It is well known that this is a dual problem to Kalman—Bucy filtering,
discussed in Chapter 3. Under sufficient assumptions, the solution to this
optimal control problem is given by the feedback u(t) = K (t)y(t) where K (t)
corresponds to the Kalman gain in the dual problem (see Section 3.2).

An interesting problem type is optimal control of systems with stochastic
inputs. For recent progress, see [14] by Duncan et al. studying the linear
quadratic control problem with fractional Brownian motion input and [37]
by Muradore and Picci studying control strategies that are robust under

stochastic disturbances.

State estimation: In state estimation problems, the task is to estimate
the state variable () when we are given the output (possibly corrupted by
noise). Often also the input u might be partially or wholly unknown to us,
thereby making the state estimation more difficult.

The case with input and output corrupted by additive white noise is some-
what classical. The solution minimizing the estimation error variance is
given by the Kalman filter, derived in 1960 in [23] by Kalman for discrete
time systems and by Kalman and Bucy in 1961 in [24] in the continuous time
setting. The timing of the results was perfect — the space race was booming
and the method’s potential in spaceflight trajectory estimation was quickly
discovered. Even today, the Kalman filter is advocated for this renowned
application, see [17] by Grewal and Andrews for the whole story. The infi-
nite dimensional Kalman filter is the subject of publications II and IIT and
so it will be presented in more detail in Chapter 3.

Another well-known class of state estimation methods are the H>-tech-
niques that are — loosely speaking — based on minimizing the “gain” from
noise to estimation error. For an introduction, see [46, Chapter 11] by Simon,
and for a recent study on infinite dimensional systems, see [8] by Chapelle
et al.

In the case the observations are not corrupted by noise, the state estimators
are typically called observers. Perhaps the best-known class of observers are
the Luenberger observers, see [28], that are based on updating the state esti-
mate &(t) proportionally to the measurement discrepancy y(t) — C'&(t). For
recent development, see [42] by Ramdani et al. studying observers when the
output operator C' is not necessarily bounded, and [19] by Haine discussing

observers in case the system is not exactly observable.
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1.2 On the thesis

The results in the articles of this thesis can be divided into two categories — the
well-posedness and passivity of boundary control systems is studied in publica-
tions I and IV and the effect of temporal and spatial discretization to Kalman
filtering is studied in publications II and III, respectively. In publication I,
it is shown that a composition of passive boundary control systems through
Kirchhoff couplings is also a passive boundary control system. The results of
publication IV essentially say that adding either boundary or state dissipation
to a boundary control system preserves the system’s well-posedness. Publica-
tion II treats the discrete time Kalman filter state estimate’s convergence to
the continuous time estimate as the temporal discretization is refined. Spatial
discretization error in Kalman filtering is the subject of publication III. An
optimal one step reduced-order state estimate is derived together with a bound
for the discretization error. The main results of the publications are further
discussed in Chapter 4.

Basic background on infinite dimensional linear systems is presented in Chap-
ter 2, first for continuous time setting in Section 2.1 and then shortly for dis-
crete time setting in Section 2.2. The background for the treatment of bound-
ary control systems is given in Sections 2.1.2 and 2.1.3 — emphasis being on
the well-posedness of systems. The Kalman filter is presented in Chapter 3.
In Section 3.2, we derive the Kalman filter equations when the state space
X is infinite dimensional but the output space ) is finite dimensional. The
required background on Gaussian random variables is given in Section 3.1.

The reader is assumed to have knowledge on elementary functional analysis
and stochastics (including treatment of random variables in Hilbert spaces).
For introductory representations on these subjects, we refer to [25], and [53] or
[11], respectively. For more comprehensive background on infinite dimensional

linear systems, see [49].

Notation

Denote by £(H1,Hz2) the space of bounded linear operators from normed space
Hi to Ha. Also denote L(H) = L(H,H). The domain of an operator is denoted
by D(-), the null space by N(-), and the range by R(-). The resolvent set of A
is denoted by p(A) and the resolvent is R(\, A) = (A — A)~!. The spectrum

of an operator is denoted by o(-) and the point spectrum by op(+).

14



2. Infinite dimensional linear systems

The results of the thesis are all related to infinite dimensional linear sys-
tems, which are introduced in this chapter. The concept of well-posedness
of systems will be discussed and the notion of semigroup will be introduced
in Section 2.1.1. The results of publication II are more or less based on the
semigroup approach and it is also needed in the further development of the
system node concept and finally, boundary control systems. Publications I
and IV treat well-posedness of boundary control systems and so emphasis will
be given do the description of boundary control systems and well-posedness of
infinite dimensional systems. In particular, the results of publications I and
IV rely heavily on the results of [34] by Malinen and Staffans and so those
results are reviewed in Section 2.1.3.

Finally, as discrete time systems are studied in publication III, some back-
ground will be given in Section 2.2. There we also go through some stability
concepts that of course have their continuous time counterparts; but as they

are not needed in the thesis, we only present the discrete time versions.

2.1 Continuous time systems

2.1.1 Semigroups and well-posedness

When the state space is infinite dimensional, the operator A in the formal
equations (1.1) is often not bounded. Typically this is the case if the system
dynamics are governed by partial differential equations when A is some kind
of differential operator. Then, unlike in the finite dimensional setting, even

the simple, homogeneous equation

d
@x(t) = Ax(t), z(0) = x (2.1)

15



Infinite dimensional linear systems

gives rise to numerous problems, starting from the unique existence and smooth-
ness of the solution. Loosely speaking, these are known as well-posedness
problems.

Firstly, a classical solution is defined as a function satisfying (2.1), such that
r € CHRY; X) and x(t) € D(A) for all t > 0. However, it is often desirable to
formally study equation (2.1) when zg is not necessarily in D(A). To this end,

we define a mild solution of (2.1) to be a function z € C(R*; X) satisfying

/t x(s)ds € D(A) and x(t) —zp = A/t x(s) ds
0 0

for all ¢ > 0 where the integrals are Bochner integrals, see e.g., [1, Section 1.1].

The definition of well-posedness of a system varies depending on what we
are interested in. Typically it is somehow related to the unique existence and
smoothness of solutions. For the homogeneous time evolution problem, we

adopt the following definition, due to [11, Section A.1]:
Definition 2.1.1. The time evolution problem (2.1), also known as Cauchy

problem, is said to be well-posed if:

(i) for any xy € D(A), there exists a unique strongly differentiable (in X)
function x(t,zo) satisfying (2.1) for all t > 0;

(i) for {xn} C D(A) with x,, — 0 strongly in X it holds that x(t,z,) — 0
strongly in X for all t > 0.

This definition gives rise to the notion of the semigroup generated by the

operator A.

Definition 2.1.2. If the problem (2.1) is well-posed, define the semigroup
generated by A as the operator-valued function T'(t), that satisfies

T(t)xo = z(t, xo), t>0

for xy € D(A) where x(t, o) is defined in part (i) of Definition 2.1.1.

The fact that T'(t) actually defines a linear operator in D(A) is easy to see
by the linearity of differentiation. The semigroup T'(t) was defined in D(A)
but by property (%) in Definition 2.1.1, it can be uniquely extended to a
bounded linear operator in the whole space X. Henceforth T'(¢) stands for

this extension. This operator-valued function has the following well-known

16



Infinite dimensional linear systems

properties:
e T(0) =1, (2.2)
e T'(t+s)=T()T(s) for t,s >0, (2.3)

e for any x € X, the function T'(¢)x is strongly continuous in X.  (2.4)

Note that strong differentiability in X’ holds only for x € D(A).

Here we started with the formal equation (2.1) and ended up with a definition
of a semigroup. However, we could also define a Cp-semigroup as an L(X)-
valued function satisfying the three conditions (2.2)—(2.4). If we are given such
a function then the infinitesimal generator of the semigroup can be defined as

follows (see [11, (A.7)]):

Definition 2.1.3. Let T(t) be an operator-valued function satisfying condi-
tions (2.2)-(2.4). Define the domain of the infinitesimal generator A of the
semigroup T(t) as

T(h)x —

D(A) := {;B e X : lim
h—0

L exists (in strong sense) in X}

and in D(A) define A as the limit, that is,

Ax = }lllgé %
The infinitesimal generator given by the above equation is an extension of the
original A in (2.1) but here we don’t make the distinction between them.
Thus the well-posedness of the problem (2.1), as defined in Definition 2.1.1,
means that the time evolution operator A is the generator of a Cy-semigroup.
Perhaps the best-known characterization for Cp-semigroup generators is given

by the Hille-Yosida theorem [1, Thm. 3.3.4]:

Theorem 2.1.1. Hille—Yosida. Let A be a closed, densely defined operator
on X. Then it is the generator of a Cy-semigroup if and only if there exists

w € R and M > 0 such that

M

IO =" e) < =

for alln € N and X\ > w.

A Co-semigroup is called contractive if |T(¢)|zy) < 1 for all £ > 0. Con-
tractivity is related to the stability of the system and so it is a somewhat
fundamental property. It is also a standing assumption in publication II that
the system dynamics are governed by a contractive semigroup. A characteri-

zation for generators of contractive semigroups is given by the Lumer—Phillips
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theorem, originally presented in [31] but it can also be found for example in

[1, Thm. 3.4.5]:

Theorem 2.1.2. Lumer—Phillips. Let A be a closed, densely defined oper-

ator on X. Then it is the generator of a contractive Cy-semigroup iff

(i) A is dissipative, meaning that for all A > 0 and x € D(A),

AL = A)z|y = M|y 5 and

(i) A is mazimal in the sense that oI — A is surjective for some Ao > 0.

One widely studied class of systems are such that the main operator A
generates an analytic semigroup, that is, a semigroup that can be extended
to a sector ¢t € {\ € C : |arg(\)| < 6} for some 6 < 7/2 in such a way that
conditions (2.2)—(2.4) hold in the whole sector. Analytic semigroups are also
studied in Section 3.4 of publication IT and so we give here their definition

following [9, Definition 2.27], and present some of their properties.

Definition 2.1.4. A Cy-semigroup T'(t) is analytic if

(i) T(t) can be continued analytically to a sector {\ € C : |arg(\)| < 6} for
some O < w/2;

(i) for allt € {X € C : |arg(\)| < 0}, and t # 0, it holds that AT(t) € L(X),
and for any x € X,

%T(t)x = AT (t)z;

(iti) |T(t)| g ) is uniformly bounded and |AT(t)| () < M for all t € {re

i
C : |arg(\)| < 0} for some M > 0.

Proposition 2.1.1. Let A be the infinitesimal generator of an analytic semi-

group T'(t). Then

(i) the semigroup is given by T(0) =1 and

T(t) = i/e”(A—A)*ldx, t>0
Y

2w
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' i o —se fors <0,
where y(+) is the path defined by parametrization y(s) = i
set? fors>0

where 0 € (1/2,6p).

(ii) for any t > 0 and x € X, T(t)x € D(A*) for all k € N, and for each k

there exists a constant c¢(k), such that

AFT H < ck) .

H (t) o S fort > 0;

(#1) if, in addition, —A is sectorial (see [1, Section 3.8]) then the above bound
holds also for non-integer k, if A* is replaced by (—A)F.

For a proof of part (i), see [1, (3.46)]. For parts (ii) and (iii), see [51, Thms.
3.3.1 & 3.3.3].

Let us finish this section by discussing the full system (1.1) under the as-
sumption that A is the generator of a Cp-semigroup T'(-) : Rt — £(X). In
the case B € L(U, X), nothing is really changed compared to the finite dimen-
sional case, and the solution to (1.1) is given by (1.3) with 4 replaced by
the general semigroup 7T'(t), see, for example [1, Chapter 3]. However, if for
example the system under consideration is governed by a partial differential
equation with control action inflicting through the boundary conditions, then
the input operator B is not bounded. To be able to study such systems, we

proceed to introduce a more general framework of system nodes.

2.1.2 Operator and system nodes

Above we worked with the system’s state space X and the domain of the main
operator, D(A). In this section we define the rigged spaces X; for j € Z,
following [49, Section 3.6] and present the system node realization following
[49, Section 4.7]. Let us also mention [44] and [45] by Salamon and [56] by
Weiss as historical references on realization theory on Hilbert spaces. For more
references, see the discussion sections 3.15 and 4.11 of [49].

If A is closed — as is usually assumed — then also D(A) can be made
a Hilbert space if it is equipped with the graph norm H:U||%(A) = |z|3 +
||Ax||§( or, assuming the resolvent set p(A) is nonempty, with norm ||y 4) =
[(a — A)x| , with some o € p(A). Note that different selection of a gives
an equivalent norm to D(A). Let us denote X := D(A) and use there the
latter norm. Then (o — A)~! maps X isometrically to X;. Following [35,

Proposition 2.1], define also the space X_; as the completion of X with respect
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to the norm [z, = H(a — A)‘lerX. By iteration of this construction, we
can define spaces X; for any j € Z with X; C &j, if j < k with a dense inclusion.
Also it is possible to uniquely extend (or restrict) A and the corresponding
semigroup 7T'(t) to A; € L(Xj41, X;) and Tj(t) € L(X}), respectively.

After these preparations, we are now ready to extend the block notion (1.2)

to cases where the input and output operators are not necessarily bounded.

Definition 2.1.5. Let X, U, and Y be Hilbert spaces. A block operator
S=[aEB]:xxU—>XxY
is called an operator node on (U, X,)) if it has the following structure:

(i) A is a closed, densely defined operator on X with a nonempty resolvent set.
(i) Be LU, X_1).

(i) D(S) == {[5] € X xU : A_1x+ Bu € X} where A_y is the extension
of A as described above. D(S) is equipped with the graph norm

115y == 1A12 + Bul% + |25 + [ulf; -
(iv) C&D € L(D(S), D).

If, in addition, A generates a Cy-semigroup on X, then S is called a system
node.

If S is a system node on (U, X, ) then for each zgp € X and u € C%(R*;U)
with [u”fg)} € D(S) the formal equations (1.1) have a unique solution x €
CH(R*; X) such that [2] € C(R*;D(S)). This result can be found for example
in [33, Lemma 2.2] but for a proof they refer to [49, Lemma 4.7.8].

Many systems satisfy different types of conservation laws that can be utilized
when determining the solvability of a given system. An important conservation
law is energy preservation:

Definition 2.1.6. A system node is scattering passive if for all xg and u

satisfying the conditions in the paragraph above, and for allt > 0, the solutions

of (1.1) satisfy
2 2 2 2
lz@®)]% = lzolx < lulf20.02) = 191720, - (255)
A system mode is scattering energy preserving if this holds as an equality.
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Many characterizations for energy preserving systems an be found in [35,
Section 3]. It is clear from the definition that the semigroup corresponding to
a scattering passive system node is contractive.

An alternative framework for the presented system node setting is provided
by the so-called port-Hamiltonian systems, that has been a very active field of
research during the last fifteen years. Port-Hamiltonian systems form a unified
approach for treating linear and nonlinear, and finite and infinite dimensional
systems (including boundary control systems). The key idea is to utilize the
systems’ inherent conservation laws and to break the system at hand into com-
ponents representing (Hamiltonian) “energy storages” and power conserving
interconnections (through ports) between these storages. For an introduction,

see the doctoral theses [32] by Macchelli or [54] by Villegas.

2.1.3 Boundary control systems

Boundary control systems are typically systems whose dynamics are governed
by partial differential equations and the control action to them is inflicted
through time-dependent boundary conditions. In principle, the system node
framework allows treatment of such systems but these systems do not naturally

adopt the form (1.1). So let us introduce slightly different looking dynamics

equations:
%z(t) = Lz(t), t>0,
Gz(t) = u(t), (2.6)
y(t) = K=(t)

That is, the dynamics are not entirely governed by the first equation but an
additional requirement Gz(t) = u(t) has to be imposed for unique solvability.
In a typical example, the operator G is a trace operator, and so this additional
requirement consists of the boundary conditions for a partial differential equa-
tion. In this formalism, the operator L is called the interior operator, G the
input boundary operator, and K the output boundary operator. This theoret-
ical framework originates from [15] by Fattorini and [44] by Salamon. Our
presentation is close to that of Malinen and Staffans in [33] and [34]. Related

to equations of the form (2.6), we make the following definition.

Definition 2.1.7. A triple of linear mappings (G,L,K) on Hilbert spaces
(U, X,Y) with the same domain Z C X is called a colligation. A colligation is
strong if L is closed with D(L) = Z, and G and K are continuous with respect
to the graph norm of L on Z. The space Z is called the solution space.

A colligation is a boundary node if it has the following structure:
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(i) The block operator [?{} X > U XX x Y is closed;
(i1) G is surjective and its null space N'(G) is dense in X;
(iii) The operator A := L|y(q) has a nonempty resolvent set p(A);

The boundary node is internally well-posed if in addition, A generates a Cjy-

Semigroup.

Theorems 2.3 and 2.4 of [33] imply that every boundary node induces an
operator node that is “of boundary control type”, meaning that R(B)NX = {0}
and vice versa — every operator node that is of boundary control type induces
a boundary node. The boundary node is internally well-posed if and only if
the corresponding operator node is a system node. When this is the case, the
solutions to respective equations (1.1) and (2.6) coincide.

From Definition 2.1.7 it is evident that [,/ ] is surjective for a € p(A).

Now regard « as fixed. Then there exists a right inverse for G, such that

LG;;M = aG;i;ht. In fact, by the proof of [33, Thm. 2.3], this inverse is given
by Gr_i;ht = (a — A_1)"!'B. So the solution space can be decomposed into a
direct sum

-1
zZ= Xl D Gright”’

that is, into components X; = N(G) and another part taking care of the

boundary conditions. We also have a bijective mapping and its inverse between

Z and its decomposition:

[I—GISWG] Zo X xU  and  [I G}
G

vight] 1 X1 XU = Z.

The Cauchy problem associated with the boundary control system (2.6) can
now be taken from the space Z to the decomposed space X; x U. It can be
solved there and the obtained solution can be taken back to Z. This method
is not used in the thesis but here it is presented. The interior operator can be
split according to this decomposition,

right

_ -1
Lz=1L1L (I -G right right right

G)HLG*1 Gz:A(I—G’l G)z—i—aG’l G-,

and following this splitting, we write the time derivative of the Xj-component
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in the space X

d d o d .
= (1= GriG) 2(0) = 22(8) = Gy ult) = La(t) = G byi(t)

= A (1= Gl G) 2(6) + Gy (ou(t) = (0)).

Consider now the Cauchy problem in the decomposed space X x . Equations
(2.6) can be formulated in the decomposed space
1 .
F151@) = [AoCon | [2) (1) + | ~Com | a(t)

0 (2.7)

[£1(0) = |7~ Cran€] 20,

This formulation resembles (1.1). The new control operator [ G}zéht} is
bounded from U to X x U but that is obtained at the cost of one tempo-

ral derivative in the input signal w.

Theorem 2.1.3. The opemtor;l = [’3 aerht} X XU — X xU with domain
Xy x U generates a Co-semigroup T(t) on X x U.

Proof. We use the Hille-Yosida theorem 2.1.1. The resolvent of A is R(\, A) =
[R(’(\)A) QR(/\/\A)G”W}. For some w > 0 we have [(A —w)"R(A, A)|zx) < M
for all A > w and n € N and we need to find a similar uniform bound for the

resolvent of A. For that we have

A=w)" RO § 521 (352)" 7 (—w)l RAAYGLL

(A —w)"R(\, A)" = { . (e

The only nontrivial element is the one in the upper right corner and for that

we have a uniform bound

= (A —w\"
SY(25Y) - wrro a6,

j=1 ‘ L{U,X)

n n—j
« A—w «
= A Gright LU,X) 32:1 A ~w Gright LUX)

The semigroup generated by A is given by T(t) = {T(t) afs T(“)Gmhtd"}
where the integral is a Bochner integral computed in X but with value in A}

and T'(t) is the semigroup generated by A. The solution to (2.6) is then given
t
by z(t) = T,(t)z0 + / Ty(t — s)u(s) ds where
0

Tat) = T(t) (T - GribuG) + (a /0 ) du +I) GG
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t—s
and Ty(t—s)=T-T(t—s)) G;i;ht + a/ T(u) du G;i;ht.
0

We remark that the definition of energy preservation/passivity (Def. 2.1.6)
above did not have any references to the system operators and so the same def-
inition is directly extended to internally well-posed boundary nodes. Related

to energy preservation, let us also define conservativity following [33]:

Definition 2.1.8. The time-flow inverse of a given colligation E = (G, L, K)
on spaces (U, X,Y) with domain Z is given by (K,—L,G) on (Y, X,U) with
the same domain Z.

The boundary node is scattering conservative if both = and its time-flow

imverse are scattering enerqgy preserving.

The reason we have used the term “scattering” when talking about energy
preservation is that the energy inequality (2.5) is not the only naturally arising
alternative. So opposed to scattering type systems, let us introduce impedance
type systems assuming U and ) are a dual pair. In the impedance formulation,
if the system equations have a solution z(t) then, instead of (2.5), the energy

passivity is characterized by the inequality

& (31001 < 6010} . (28)

The expression 3 | 2(t) |5 is interpreted as the energy stored in the system
and the right hand side is the instantaneous power inflicted. For example, in
electric circuits the input v might be some control voltage and the output y the
corresponding current — the inflicted power is then their product (recall the
well-known formula P = UI). Other examples are acoustics (see the example
in Section 5 of article I), where the input and output variables in impedance
form would be the pressure and flow, and in mechanical systems, the inflicted
force and velocity.

In article [34], it is noted that impedance type systems are obtained from
scattering type systems by the external Cayley transform. They also define
impedance passivity (and conservativity) through the Cayley transform. How-
ever, a more straightforward definition often serves the purpose better, and so

we adopt the following definition, due to [34, Theorem 3.4]:

Definition 2.1.9. Let 2 = (G, L, K) be a colligation on Hilbert spaces (U, X,Y).
(i) Z is impedance passive if the following conditions hold:
(a) [ﬁgjLK} is surjective for some «, 3 € Ct;
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(b) For all z € D(E) we have the Green—Lagrange inequality

W<Z,L2>X < R(Kz,Gz) (2.9)

vuy
(i) Impedance passive = is impedance conservative if (2.9) holds as an equal-

ity, and (a) holds also for some a,f € C™.

Note that the concept of impedance passivity does not require internal well-
posedness. If Z is internally well-posed, then (2.9) is equivalent to (2.8). It is
evident by (2.8) that the semigroup of an impedance passive boundary con-
trol system is contractive. Impedance passivity and also the Green-Lagrange
inequality alone can be used for confirming the internal well-posedness using

the following results, due to [34, Theorems 4.3 and 4.7]:

Theorem 2.1.4. Let 2 = (G, L, K) be a strong colligation on spaces (U, X, )

with domain Z where U and Y are a dual pair.

(i) Assume that (2.9) holds for all z € Z. If %] is surjective for some
a € C with R(a) > 0 then E is an internally well-posed, impedance passive

boundary node.

(i) Assume E is impedance passive. Then it is internally well-posed if and

only if G is surjective.

2.2 Discrete time systems
The dynamics of a discrete time system are governed by difference equations

T = A1 + Buy, (2 10)

yr = Cxp + Duy.

In some sense the theory of infinite dimensional discrete time systems is not
as rich as that of continuous time systems. The equations are always solvable
and there are no problems caused by unbounded operators.
The solution to the state evolution equation (2.10) is given by
k—1

T = Akxo + ZAjBuk,j.
j=0
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If the input signal u is extended so that ug = 0 for k£ < 0, the second term
can be written as z;io AjBuk_j which motivates us to define the input map
B:1%2(Z7;U) — X by {up}pez- — Z?io AJBu_j where Z~ = {0, -1, -2, ...}.
Define then the relevant stability concepts.

Definition 2.2.1. The discrete time system composed of the operator quadru-

ple [A B and the dynamics equation (2.10) is

(i) exponentially stable if for ug, =0 for all k, it holds that Y 3o, ||xk|\g( < 0o

for any initial state xg € X;

(1) asymptotically stable if for uy = 0 for all k, it holds that |xi], — O as

k — oo for any initial state xg € X;

(iii) output stable if for up = 0 for all k, it holds that y € 12()) for any initial
state xg € X;

(iv) input stable if its dual system, composed of [g: gt ], is output stable.

Characterizations for different stability concepts can be found in Opmeer’s
doctoral thesis [38, Chapter 3]. The connection between different stability

concepts and solvability of the Lyapunov equation
S=ASA*+W (2.11)

with bounded, self-adjoint load W € L(X) was studied by Przyluski in his
classic article [41]. Here we present some results on the stability concepts
which are essential considering this thesis, while other results are presented

just to give some insight on the subject.

Theorem 2.2.1. Exponential and asymptotical stability. The following

statements are equivalent:

(i) The discrete time system (2.10) is exponentially stable.

(i) The spectral radius of A is smaller than one, that is, 0(A) C Dy where Dy
denotes the open unit disc in the complex plane (recall that as A is bounded,

o(A) is closed).

(ii3) The Lyapunov equation (2.11) with load W = I has a nonnegative, self-
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adjoint solution S € L(X).

In addition, exponential stability implies asymptotical stability and input sta-

bility. Asymptotical stability implies o,(A) C Dy and o(A) C Dy.

Theorem 2.2.2. Input stability. The following statements are equivalent:
(i) The discrete time system (2.10) is input stable.
(ii) The input map satisfies B € LI2(Z7;U), X).

(iii) The Lyapunov equation (2.11) with load W = BB* has a nonnegative,
self-adjoint solution S € L(X).

In addition, input stability implies that o,(A) C D(0,1).

2.2.1 Discretizing continuous time systems

Sometimes the considered real-life system has continuous time dynamics but
for technical reasons we can only observe the output and control the input
with discrete time intervals. Then the system can be transformed to a discrete
time model. Consider the solution (1.3) in the case discussed in the end of
Section 2.1.1, that is, A is the generator of a Cp-semigroup 7'(-) and B €
LU, X). Denoting xj := x(kAt), the solution can be written as

kAt

xp =T (At)zp—1 + / T(t — s)Bu(s) ds.

(k—1)At

If we then assume that u(s) is constant uy, on the interval s € [(k—1)At, kAt)

then the solution can be written in discrete time form
zp = Agxp_1 + Bauy,

where Ay = T'(At) and By = fOAt T'(s)Bds. In the general system node setting
with B € L(U,X_1) it was required that u € C%(R*;U) for the classical solu-
tion to exist. Thus, the piecewise constant u is not smooth enough. However,
the integrated semigroup operator fOAt T'(s) ds has a smoothing effect, that is,

fOAtTj(s) ds € L(Xj, Xj11) where the subindex j refers to the rigged spaces
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discussed in the beginning of Section 2.1.2. In fact, it holds that

At At
| s ~ o=y [T i as
0 L(Xj,Xj11) 0 LX)
< lalAt sup |Tj(s)l g,y + 1T (A = Il 2y, -
s€[0,At]

So even B € L(U,X_;) yields a bounded discrete time input operator By €
L(U,X) with this so-called “zero-order-hold” discretization. Note that care
must be taken when choosing the output of the discretized system. If also the
output is a boundary observation, then C € L(AX1,)) and then Cxy is not
well defined. However, integrating the state z(s) from (k — 1)At to kAt gives
a vector in X7 and so the discrete output y; can be defined as the average of
y(s) on this interval, that is,

o A (k—1)At+u
Cyxp—1+Dguy := E/ T(uw)zK—1 +/ T(t — s)Bug ds | du+ Duy,.
0

(k—1)At

The discretization given above is accurate, given that the input actually
is piecewise constant. However, actually computing 7T'(At) might be impos-
sible and one typically needs to rely on approximative schemes. A widely
used method for approximating the discrete operators is given by the Cayley
transform where Ay = (0 + A)(c — A)~! and By = V20(0 — A_1)"' B with
o = 2/At. This method is studied in [6] by Besseling and in [20] by Havu and

Malinen from the point of view of mathematical systems theory.
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3. Infinite dimensional Kalman filter

In this chapter we introduce the discrete time Kalman filter, originally derived
in [23] in the finite dimensional setting. The infinite dimensional generalization
can be found, for example in [21] by Horowitz and [18] by Hager and Horowitz.
It is the subject of publications II and ITI. Even though we also define the
continuous time state estimate in II, an explicit representation is not needed.
The proofs there make use of the discrete time Kalman filter with non-constant
output operator. For the sake of notational simplicity, we here only treat the
case where the operators do not depend on time. The continuous time variant
is known as the Kalman—Bucy filter which was originally derived in [24]. The
infinite dimensional Kalman—Bucy filter is presented, for example, in [3] by
Bensoussan and in [9, Chapter 6] by Curtain and Pritchard.

The Kalman filter was originally developed for discrete time systems with

noisy input and output:

rp = Axp_1 + Buy (3 1)

yr = Cxg + wy.

where the input u; and the output noise wy are Gaussian random variables
with values in ¢ and ), respectively. They are assumed to have mean zero
and covariance operators ) and R, respectively. Also the initial state is an
X-valued Gaussian random variable, g ~ N(m, Py). It is assumed that u, w,
and o are mutually independent, and also wj, and uy are independent of w;
and u;, respectively, when k # j.

In this chapter, we first introduce Gaussian random variables in Section 3.1.
In Section 3.2, we derive the Kalman filter equations assuming that the state
space X is a separable Hilbert space and the output space ) is finite dimen-
sional. Finally, in Section 3.3, we present some results on the Kalman filter

and the corresponding Riccati equations that are needed in publication ITI.
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3.1 Gaussian random variables

Definition 3.1.1. A random wvariable v taking values in the Hilbert space X

is said to be Gaussian if (v, h), is normally distributed for all h € X.

Gaussian random variables are extensively used when modeling uncertainty
and external noise in dynamical systems — partly because they truly are
somewhat fundamental (recall the central limit theorem), but also because

they have so many nice properties making them easy to work with.

Proposition 3.1.1. Let [7] be a Gaussian random variable in Hy X H, where

Ha and H, are separable Hilbert spaces. Then the following assertions hold:

i) Fernique theorem. There exists A > 0 such that E e/\HzH%r <. As a
(i) q

corollary, note that E(||x||;f‘z) < oo for alln > 1.

Mg

(ii) Mean and covariance. There exists a vector [;;*] € Hy X H, and a

symmetric, nonnegative trace class operator P = [g:: }IZZ} such that

B({1 [ ])) = (G [2])

for all [25} € Hy X H, and

B({[ha] e {[a] 1) = (e [ ). [ ])
= (I 51 ] e ]y

foratt [fet] [he2] € Ho x Ha Here () = (0 .

It holds that ]E("Z‘ —my ||§{L) = tr(Py,). Also, the properties of a Gaussian
random variable are completely comprised in its mean and covariance. Thus,
it is meaningful to write [Z] ~ N ([ ], P) meaning that [%] is a Gaussian

random variable with mean [, ] and covariance P.

(iii) Independence. z and z are independent if and only if Py, = 0. Also if

T and Z are independent Gaussian random variables then [g] is a Gaussian

random variable.

(iv) Conditional expectation. Assume dim(H,) < oo. The conditional

expectation of x, given z, is given by
E(z|z) = my + Pp. PNz — my). (3.2)
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If P, is not invertible then P is replaced by pseudoinverse. The error

covariance s
Cov [z — E(z|2) ,2 — E(2|2)] = Pys — Pr2 Py Pas. (3.3)

The conditional expectation minimizes E(HJ; —my — K(z— mz))"%z) over

K € L(H., Ha).

(v) Linear combinations. If A € L(H,,H) and B € L(H.,H) then
Az + Bz ~ N(Amy, + Bm,, AP, A* + AP,.B* + BP,, A* + BP,,B").

(vi) Estimation. The best linear estimate is the best global estimate, that is,

(3.2) minimizes E(Hx - f(z)H?_lI) over all measurable functions f : H, — H,.

For proofs, for part (i), see [11, Theorem 2.6] (also a more general formulation
is presented there). For part (i), see Lemma 2.14 and Proposition 2.15 in
[11] and the discussion related to those results. Part (iii) follows by studying
the characteristic function of [£]. A proof for the first claim can be found in
[53, Proposition 4.10]. The second claim follows by writing the characteris-
tic function for [g] and by independence noting that it corresponds to the

characteristic function of a Gaussian random variable with mean [gg] and

Covlz,@] 0
0 Cov|z,z]

Definition 3.1.1, and properties of Bochner integral (E(-) can be defined as a

covariance [ ] Part (v) is easy to see directly from part (i),
Bochner integral in the probability space, see [11, Section 1.1]). Part (vi) is
proved in [9, Lemma 5.13]. Note that the condition (5.12) there is equivalent
to N(P.;) C N(P,;) which is easy to confirm if [?] is Gaussian.

A simple proof for (iv) (in the desired case when #, is not necessarily finite
dimensional) seems to be hard to find in the literature, so let us present steps
leading to the proof. Firstly, E(z|z) is the unique element that is measurable
with respect to the sigma algebra generated by z, for which z—E(z|z) and z are
independent. Clearly m, + PMPZ*ZI(Z —m,) is measurable with respect to the
sigma algebra generated by z. Now [wf(mﬁprzf?zl(z*mz))] is also Gaussian

so that independence of z and my + Py, P! (2 — m;) can be verified by (4i):
Cov [z — (mg + Py P (2 — ms2)), 2] = Cov [z, 2] — Cov [Py, Pz, 2] = 0.

In case P,, is not invertible and pseudoinverse is used, the last term above

becomes P, P/ P,, where P} P,, is an orthogonal projection to the range

31



Infinite dimensional Kalman filter

of P,,. As R(P,,)* C N(P,.), the above covariance is still zero.

The minimization property in (iv) can be checked by directly solving the
minimization problem which leads to expression (3.2), as in the proof of [9,
Lemma 5.12].

It is noteworthy that by (3.2), Cov [E(z|2),E(2|2)] = PP, ' P.y: so that
from (3.3) we see that

Cov [z — E(z|z) ,xz — E(z|2)] = Cov [z, z] — Cov [E(z|z), E(z|2)] .
By computing the trace of both sides, we get the sort of Pythagorean identity

E(Jz — mal%) = E(IE(]2) - mal%) +E(Je - Be])I) -

Also it holds that Cov [z, z] > Cov [E(z|z) , E(z|z)] meaning that Cov [z, z] —
Cov [E(z|z) ,E(z|z)] is positive (semi)definite. These simple facts are used in
publication III.

From linearity of the dynamics equations (3.1) and parts (i) and (v) of

Proposition 3.1.1, it follows that the state xj is an AX-valued Gaussian ran-

dom variable for all k& > 0. The mean is E(z;) = A*m and covariance
Cov [z, xg] =: Sk is given by the recursive equation
Sy = AS,_1A* + BQB*, So = Py. (3.4)

Further, [zq,..., Tk, Y1, ..., Y] is a Gaussian random variable in X*+1 x Y* for

all £ > 0. Let us conclude the section with the following result.

Theorem 3.1.1. Let xy be given by (3.1) with Py = 0 and assume that the
system is input stable. Then the covariance Sy = Cov [xg,xk]| given by (3.4)
converges strongly to S € L(X) which is the solution of the Lyapunov equation
S = ASA* + BQB*. If, in addition, the system is asymptotically stable, then
Sk converges strongly to S starting from any symmetric Sy = Py.

Note that the limit S is not a trace class operator in general. If the system
is even exponentially stable then the limit is a trace class operator and the

convergence is in operator norm.

Proof. Recall that input stability is equivalent to S = ASA* + BB* having a
nonnegative solution. Consider first the case Sy = 0. Clearly the solution to
the covariance equation (3.4) is Si = Z?;& AIBQB*(A*), from which it is

easy to see that Sii1 > Sg. Assuming Si_1 < HQH[:(u) S for some k, then
Sk = ASg1A" + BQB* < |Ql ) ASA" +1Ql ey BB* = 1Ql ¢y 5-
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So Sk is increasing and uniformly bounded implying strong convergence to
some operator by [43, p. 249]. Letting k — oo in (3.4) yields that the limit is S.

Then assume asymptotical stability and consider So # 0. Then S, =
ARSy(AF)E + Z?;é AIBQB*(A*)J. Asymptotical stability means that A¥ — 0
strongly and so also A*S(A*)* — 0 strongly. O

3.2 Kalman filter derivation

Assume now that dim())) < oo. Define Y3 := [y1,...,y]7 and consider
E(z|Yy). Also [zg,Y:] is a Gaussian random variable in X x J* and so the

conditional expectation is given by (3.2):
&y, = E(zk[V2) = E(xx) + Cov [z, Y] Cov [Yi, Vil 7' (Ve = E(Y2)).  (3.5)

Note that Cov [Y%, Y%] is invertible because it is the sum of a positive definite
block diagonal matrix (with R:s on the diagonal), and a positive semidefinite
matrix.

Now decompose Y;, = [ngl} in (3.5), and write the covariances in corre-

sponding block form. Firstly,

Cov [$k,Yk] = Cov [Axk71 + Buy, [YZ;1 ]]

(3.6)
= ACov I:.fk;fl, [Ykoil }} +ACOV I:xk‘fla [CA;gkfl ]] +BCOV [Uk;, [Cguk }}

where in the second equality we have used y, = CAzp_1 + CBuy + wi and
the independence of uy, wg, and x_1. Then recall the block matrix inversion

formula for symmetric matrices

-1
F G Fl4+ FIGH-GTF1G)\GTFY —F'G(H-GTF1G)™!

GT H —(H-GTr1e)"'GTF! (H-GTr'q)™!
and apply that to

Cov [Vi_1,Yi 1] Cov[Ve i,
Cov [Ye, Vi) = ov [Yi—1, Yi—1] Cov [Yi_1, yi]

Cov [yr, Yec1]  Cov [k, yr]

Then we collect terms of (3.5). First, from (3.6) the term multiplying the
first row of Cov [Yk7Yk]_1 is ACov [zg—1,Yk—1]. By picking only the term

F~! = Cov [Yk_l,Yk_l]_l from the upper left corner of the inverse formula,
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and E(zy) = AE(zg—1) + BE(u) = AE(zg_1) from (3.5), we get
E(xy) + ACov [#5_1, Yi—1] Cov [Yie1, Vi1] ™" (Vi — E(Yio1)) = Adj_q.

Then observe that the remaining terms in the inverse formula can be factorized

so that (3.5) becomes

ik — A1

— Cov [a4, Yi][F, 6] (H - GTF'Q) " [-GTF " 1] [Yk;;jgﬁ;l)} . (3.7)

Now —GTF~' = —Cov [y, Yz_1] Cov [Yk_l,Yk_l]f1 so the last product is

T -1 Yi—1—E(Yk-1)
G [ y;fﬁ(yk) ' ]
= —Cov [yk, Yi1] Cov [Vi_1, Vi 1] ™' (Vi1 — E(Yi—1)) + vk — E(yr)

=yr — E(yrlYr-1)

where the second equality holds by (3.2). Now it holds that E(yx|Yx—1) =
E(CAxp_1 + CBuy + wg|Yg—1) = CAZp_1 because ug and wy, are independent
of Y;—1, and E(uy) = E(wg) = 0. Further, the inverse in (3.7) is

H-G'F'a

= Cov [yk, y&] — Cov [yk, Ye—1] Cov [Vi—1, V1] ™" Cov [Vi1, ]

= Cov [yr — E(yx|Ye-1), yr — E(yr|Yi-1)]

= Cov [CAzy_1 + CBuy + wy, — CAZp_1,CAxp_1 + CBug + wi — CAZp_q]
= CACov [z_1 — Tp—1, 01 — £4—1] A"C* + CBQB*C* + R

where the second equality holds by (3.3) and the last because uy, and wy are
independent of xp_1 and &#_;. Finally, using (3.6) for Cov [z, Yi—1], and
—F~1G = —Cov [Yi_1, Ye_1] " Cov [Yi_1, s, the first product in (3.7) is

Cov [z, Y] [_F;lc]

= —ACov [z_1, Yie_1] Cov [Yi_1, Yie1] " Cov [Yi_1, yk]
+ ACov [x—1,CAxy_1] + BCov [uy, C Buy]

= A(Cov [xk—1,zK—1] — Cov [zg—1, Yi—1] Cov [Vi_1, Yk_1]71 Cov [Yi_1, $k—1]) A*C*
+ BQB*C*

= ACov [zg—1 — &k—1, Tk—1 — Tx—1) A*C* + BQB*C*.

In the second equality, Cov [Y;_1, yr] was treated as above, and the last equal-
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ity follows from (3.3). Now we have all of the terms in (3.7) for computing
Zg. Performing the same decomposition and term gathering for the estima-
tion error covariance Py, := Cov [z — &, ¥ — &) given by (3.3) leads to the
recursive Kalman filter equations that are typically written in the following

form, known as Riccati difference equations,

P, = AP,_{A* + BQB*,

~ ~ R ~ (3.8)
P, =P, — PkC*(C’PkC* + R)_lc’Pk
with Py being the initial state covariance, and
&y = A%y + Kp(yp — CAZp_) (3.9)

where K}, := P,C*(CP,C* 4+ R)~" is known as the Kalman gain.

3.3 Discussion and auxiliary results

One of the reasons why Kalman filter has been very popular in practical ap-
plications is its computational lightness. The error covariances given by (3.8)
and the Kalman gains K} do not depend on observations and thus they can
be computed offline beforehand, leaving only (3.9) to be solved online.

It is easy to show that for any quadratically integrable random variable [Z] €
Ha x H, that is, E("ﬂﬁu + HZH?{Z) < 00, the solution to the minimization
problem

. 2
KEL%-ILI:,Hz)E("x me — Kz mZ)HHr) (3.10)

is given by (3.2) and the error covariance by (3.3). Recall that our derivation of
the Kalman filter was based solely on these equations. Thus the Kalman filter
provides the optimal (in terms of error measure (3.10)) linear filter for systems
of the form (3.1), even when the noise processes v and w and initial state xg
are uncorrelated and quadratically integrable, but not necessarily Gaussian.
Of course, better nonlinear filters might exist in this case.

Let us end the chapter by presenting some results on Kalman filter and the
corresponding Riccati difference equations. Some of these results are used in

publication III while others are just “nice-to-know”.

Theorem 3.3.1. Let P, and P,gj) for j = 1,2 be the solutions of equations
(3.8) with the load term BQB* replaced by self-adjoint, positive trace class
operators W and W, j = 1,2, respectively. The following assertions hold.
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(i) f W@ >wW and PO(Z) > Pél) then P,gZ) > Pén for all k.
(i) If P, > Py for some k then P11 > Py.

(i) If 2Py, > Px_1 + Pyy1 for some k then 2Py11 > Py + Piyo.

The first assertion follows from [12, Lemma 3.1]. The proof is presented in
the finite dimensional case, but it holds also for infinite dimensional systems
assuming dim(Y) < co. It is also presented in Lemma 3.2 of III with a simple
proof. The other two assertions are not needed in the thesis, but here they
are given just to illuminate the properties of Riccati difference equations and
the state estimation problem. Part (i) follows directly from (7). Part (iii) is

proven in [12, Lemma 3.2].

Theorem 3.3.2. Let Py, be the solution of (3.8). The following assertions hold.

(i) If the underlying system is input stable and Py = 0 then Py converges
strongly to P as k — oo where P is a solution of the discrete algebraic

Riccati equation (DARE)

P = APA* + BQB*,
o i i (3.11)
P =P — PC*(CPC*+ R)"'CP.

(i) If the asymptotic filter is exponentially stable, that is, r(A — KCA) < 1
where K = PC* (C]BC* + R)™! then Py, converges to P, starting from any
self-adjoint trace class operator Py € L(X). Also, P is the unique nonnega-

tive solution of (3.11).

The proofs of (i) and (7) can be found in [18, Theorem 1] and [18, Theorem 3],
respectively. The first proof is based on showing that P, is an increasing
sequence (see part (i7) of Theorem 3.3.1). It is also bounded by S which is
the limit of (3.4), see Theorem 3.1.1. The proof of () is rather similar. The
sufficient stability assumption for part (i) is actually uniform asymptotical
stability at large which is implied by exponential stability. In publication IIT
the exponential stability of the Kalman filter is needed elsewhere and therefore

it is taken as an assumption here as well.
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4. Summaries of the articles

I: Compositions of passive boundary control systems

Recall the formulation of impedance type boundary control systems in Sec-
tion 2.1.3, and in particular, the energy inequality (2.8). Consider then an
electric circuit. The well-known Kirchhoff laws say that in any vertex of the
circuit, the voltage is the same for all leads connected in the vertex and the
electrical currents must sum up to zero. These coupling conditions are natural
also for the other mentioned example cases.

In publication I, the coupling conditions are formulated in terms of the input
and output operators of the subsystems, whose dynamics are governed by col-
ligations (GU), LU), K)) on Hilbert spaces (UY), X YU))) where the index
j refers to the subsystem. Assume that the input and output spaces can be
split into two parts, that is, () = Z/llm &) L{Qm and YU) = yfj) &) yéj), each
representing a part of the boundary where the control action takes place —
consider, for example, the two ends of a transmission line. Then, for exam-
ple, the Kirchhoff coupling conditions for three systems (j = 1,2,3) coupled
through the first parts of the input and output are

GV a(t) = GPa(t) = 6P z(0),
‘ (4.1)
KWz () + KP 2 (t) + K 25(t) = 0,

assuming that the corresponding spaces are compatible, that is, Z/{l(l) = Z/{l(Q) =
U® and YV =y = Y3 This is a slightly simplified example. In publica-
tion I, the spaces U@ and YU can be split into more than two parts.

The main result of this article is that if internally well-posed, impedance pas-
sive (or conservative) boundary control systems (see Definitions 2.1.7 and 2.1.9)

are interconnected through Kirchhoff type coupling conditions (4.1), then also
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the resulting composed system (called a transmission graph, see Definitions 3.1
and 3.2 in I) is an internally well-posed, impedance passive (or conservative)
boundary control system.

Compositions of port-Hamiltonian systems (see the end of Section 2.1.2) are
studied in [7] by Cervera et al. and in [26] by Kurula et al. The presented
formalism does not allow connecting finite dimensional subsystems to bound-
ary control systems. To do that, one would need to work with the system
node setting. This would require some further investigation. Such ideas can

be found for example in [57] by Weiss and Zhao.

II: Convergence of discrete time Kalman filter estimate to
continuous time estimate

In publication II we study systems of the form
(1) = Ax(t)
=z z(t),

2(0) =x ~ N(m, B),

y(t) = [y C2(s)ds + w(t)

where w is Brownian motion with incremental covariance R. We define the

discrete and continuous time state estimates as

irn = E(x[{y (£)},)  and  #(T) =E(x|{y(s),s < T})

respectively. These estimates are given by the Kalman(-Bucy) filter — given
that the continuous time Kalman-Bucy filter equations are solvable. By the
Martingale convergence theorem, when the temporal discretization is refined
then the discrete time estimate converges to the continuous time estimate.
The purpose of publication II is to establish convergence speed estimates for
E("i’Tm —z(T) ||§() in various cases under different assumptions. First the
result is established assuming C' € £(X,)) and either Py € L£(X,D(A)) or
x € D(A) almost surely. The latter covers the case dim(X) < co. Then the
case C € L(D(A),)) is treated assuming x € D(A) almost surely and that A
is diagonalizable and its point spectrum satisfies the asymptotic condition (i)
in Theorem 3.5 and C satisfies the regularity assumption (i) in Theorem 3.5,
or that the system is scattering passive. Then an estimate is shown when
A generates an analytic semigroup. The proofs are based on applying the

discrete time Kalman filter starting from &7, and taking into account more

38



Summaries of the articles

and more measurements from a dense, numerable set in [0, 7.

To the author’s knowledge, such results have not been published before.
The articles [2] by Axelsson and Gustafsson and [55] by Wahlstrom et al.
study the effect of using different numerical schemes for approximating the

matrix exponential e8¢

on the solution of the Lyapunov equation and the
Kalman filtering problem. Further effort would be required to obtain similar
convergence results when for example the Cayley transformation (introduced

in Section 2.2.1) would be used for obtaining the discretized system.

I1I: Spatial discretization error in Kalman filtering for discrete-time
infinite dimensional systems

Publication III deals with state estimation problem for infinite dimensional
discrete time systems. A practical implementation of the Kalman filter cannot
be done in infinite dimensions. The system dynamics can be approximated by
projecting equations (3.1) by an orthogonal projection II; : X — X. The finite
dimensional subspace II;X' can be for example a finite element space (see the
example in Section 5 of III) or a truncated eigenspace, see [48]. If the Kalman
filter is directly implemented to the discretized system, the result is biased and
hence not optimal. In Section 2 of III, an optimal one-step state estimate is
derived that takes values in the finite dimensional subspace. One-step estimate
means here that the k" state estimate depends only on the previous estimate
and the k™ measurement — recall the remarkable property of the Kalman
filter, E(zy|Yr) = E(xk|Zr—1,yxk). In Section 3, a Riccati difference equation is
derived for the estimation error. The main results of the article are presented in
Section 4, namely estimates for the discrepancy between the full state Kalman
filter estimate Zj, and the presented reduced-order estimate Zj. It is shown that
if supy, IE(Hmk ||§(1> < 00, the system is input stable, and the full state Kalman

filter is exponentially stable, then as |/ — II"II| - 4, y) becomes small, then

limsup E(1Quar — 24l ) = O (I = T3 2, 1))
k—o0

where @ is a certain post-processing operator that is obtained when com-
puting the Kalman gains for the reduced-order method. The proof is based
on applying perturbation theory for algebraic Riccati equations, developed by
Sun in [50], to the corresponding DAREs.

Another state estimator that takes the discretization error into account is

developed by Pikkarainen in [39] and implemented numerically by Huttunen
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and Pikkarainen in [22]. Their method is based on keeping track of the dis-
cretization error and then ignoring the correlation of the discretization error
for different time steps in order to obtain a one step estimate. The direct
implementation of the finite dimensional Kalman filter to the discretized sys-
tem is studied by Bensoussan in [3, Chapter 9] and by Germani et al. in
[16]. The latter includes a convergence result for the finite dimensional state
estimate and the corresponding error covariance. In a very recent manuscript
[13], Dihlmann and Haasdonk propose a reduced-basis Kalman filter for PDEs
with possibly non-constant (in time) parameters.

Our approach is closely related to the reduced-order filtering methods. Let
us mention articles [4] and [5] by Bernstein and Hyland and [47] by Simon
because they had some influence on the results of this article — even though

their results are not explicitly used.

IV: Acoustic wave guides as infinite-dimensional dynamical systems

This publication is a part of a trilogy containing also articles [29] and [30]
by Lukkari and Malinen. The author’s contribution is restricted to Section 3,
titled “Conservative majorants”, and so only that part is discussed here.

A passive boundary control system described by a colligation (G, L, K) on
U x X x Y with domain Z (see Definitions 2.1.8 and 2.1.9) can often be “split”
into a sum of a conservative part and a dissipative perturbation (see (12) in
the example in Section 5 of I). Alternatively, at some part of the boundary of
an otherwise energy preserving system, there is a resistive boundary condition
(see the second and third boundary conditions in (14) in I). These cases can

be formulated as follows:

Definition. Let ([g;} L, [% D on Hilbert spaces (Uy xUa, X, Y1 X Vo) with
domain Z be a scattering passive (or conservative) boundary node. It is called
a passive (or conservative) majorant of colligations of the form (Gy, L+ H, K})
on Hilbert spaces (Uy, X, Y1) with domain ZNN (G2) where ZNN(G2) C D(H)
and (z, Hz), <0 for all z € ZNN(G2) and H is dominated by L, meaning
that it satisfies one (or both) of the conditions (i) or (ii) of Theorem 8.2 in IV.

The results of Section 3 of IV then say that if a colligation has a passive
majorant, then also the system itself is a scattering passive boundary node.
For example the internal well-posedness in the example in Section 5 of I is
shown using such argument in the simple special case H € £(X). For similar

ideas in the port-Hamiltonian context, see [54, Chapter 6] by Villegas.
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ABSTRACT. We show under mild assumptions that a composition of inter-
nally well-posed, impedance passive (or conservative) boundary control systems
through Kirchhoff type connections is also an internally well-posed, impedan-
ce passive (resp., conservative) boundary control system. The proof is based
on results of Malinen and Staffans [21]. We also present an example of such
composition involving Webster’s equation on a Y-shaped graph.

1. Introduction. We treat the solvability (forward in time) of dynamical bound-
ary control systems that are composed by interconnecting a finite number of more
simple boundary control subsystems that are already known to be solvable forward
in time. The interconnections are given in terms of algebraic equations involving the
boundary control/observation operators of the subsystems. The aggregate formed
by the subsystems and their interconnections is called a transmission graph (see
Definition 3.1), and it can be seen as a generalisation of mathematical transmission
lines and networks. We assume throughout this work that all the subsystems are
passive or conservative as described in, e.g., Gorbachuk and Gorbachuk [9], Livsic
[17], Malinen and Staffans [20, 21], Salamon [24, 25], and Staffans [26], and they
are represented by equations of the form (5) below involving strong boundary nodes.
Moreover, the interconnections respect passivity in the sense that they do not create
energy. In Theorem 3.3 — the main result of this paper — we give conditions for
checking the solvability (i.e., internal well-posedness) and passivity of the transmis-

sion graph in terms of simple conditions on the subsystems and interconnections.
To illuminate the purpose of this paper, let us consider the following example
from acoustic wave propagation. Given the interconnection graph in Fig. 1, the

longitudinal wave propagation on its edges (i.e., wave guides) is governed by

2,1,(j 2., (j
2p9) (z.1) = 623 @)

ot? Ox?
Here the index j = A, ..., D refers to the index of the edge, and the arrows in
Fig. 1 show the positive direction of the parametrisation « € [0,1;]. To the vertices

(z,1), z €[0,1], and t € R*. (1)
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ut) %
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Ficure 1. The example graph

ABD and BCD we impose Kirchhoff law type coupling (boundary) conditions (take
vertex ABD for example):

oA (B
v (la,t) = 25-(0,1) =

w(D) (lD7 t)a
Ay 6%?) (last) — Ap aw( )(0 1)+ Ap %( >(ZD7 t) = 0.

(2)

We remark that in acoustics applications the state ¥() is chosen to be a velocity
potential; then pl@) = pal/’ gives the perturbation pressure and o) = awm
gives the perturbation volomty for each edge. Thus, the first equation in (2) says
that the pressure is continuous, and the second equation is a flux conservation law
(the weights A; can be understood as the cross-sectional areas of the wave guides).

We want to control the pressure at the vertex AC' and observe the perturbation

flux to the wave guides A and C. Defining the input and output
ult) = 222 0,4) = 222(0,1),
y(t) = 7AA 22 (o, f) A2 (0,1),

respectively, then equations (1) for j = A, ..., D and (2) define a dynamical system
whose solvability and energy conservation we wish to verify using Theorem 3.3.

We must consider first the solvability of the subsystems, that is, equations (1)
on the edges with boundary conditions

Hep) €))
o (00 | _ | w0 | _ o)
{*’%i”uj,w} {ué’“ } e !

After reducing (1) to a first order equation of form Z = Lz with z = [ o } defining

3)

operator G by (4), that is, by Gz(t) = u()(t), and K in a similar manner, we
obtain an internally well-posed boundary node ZU) = (G, L, K) that is impedance
conservative, see Definitions 2.2 and 2.3. As explained after Definition 2.2, the
initial value problem

u(t) = Gz(t),

2(t) = Lz(t), 5)
y(t) = Kz(t), teRT,

z(0) = 2o

has a solution such that ) in equation (1) satisfies ¥/ € CY(R*;L%(0,;)) N
C(R*; H'[0,1;]) for all inputs w9} € C?(R*;C?) and for all initial states z, that
satisfy the boundary condition Gzy = w(0). For technical details, see the (more
general) example of Webster’s equation presented in Section 5.

Now we have boundary nodes 2(), j = A, ..., D and coupling conditions of the
form (2) for all vertices except the one that defines the external input and output
through (3). They form a transmission graph as defined in Definition 3.1. Since
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the components Z() are solvable and conservative, then by Theorem 3.3, also the
resulting composed system is solvable forward in time and conservative in a similar
way as any of its components.

Let us review the most relevant literature on compositions of (boundary control)
systems. The feedback theory for (regular) well-posed linear systems is treated by
Staffans in [26, Chapter 7] and by Weiss in [28] whose concept of admissibility of the
feedback loops is related to the (internal) well-posedness of the composed system,
but the theory can be used only when well-posedness of the components is verified
by other means.

Transport equation on graphs is studied by Engel et al. in [7] by using semigroup
techniques. For a study on the non-linear Saint-Venant equations on a star-shaped
graph, see Gugat et al. [6]. A control algorithm for a string network is developed
by Hundhammer and Leugering in [12] using a domain decomposition method.
Further practical examples of compositions of PDEs with 1D spatial domains include
semiconductor strips and lattice structures constructed of Timoshenko beams. Such
systems have also been studied from the spectral point of view: asymptotic spectral
properties of the Laplacian are studied by Kuchment and Zeng in [13] and by
Rubinstein and Schatzman in [23] when its “graph-like” 3D spatial domain collapses
to a graph with 1D edges. See also Latushkin and Pivovarchik [16] for a study on
the spectral properties of the Sturm-Liouville equation on a Y-shaped graph.

Compositions of PDEs on 1D spatial domains are treated by Villegas in [27] and
by Zwart et al. in [30] in terms of port-Hamiltonian framework. Compositions
of more general systems are studied in, e.g., Cervera et al. in [3] and Kurula et
al. in [15] who treat systems that give raise to Dirac structures on their state
spaces (see also Derkach et al. [5]). These contain impedance conservative, strong
boundary control systems (as characterised in Definitions 2.2 and 2.3) as a special
case. However, our approach is based on results of Malinen and Staffans [20, 21]
that are reviewed in Section 2, and we are able to treat couplings of both passive
and conservative systems at once.

In Section 5 we present a concrete example of a transmission graph, namely the
human vocal tract with nasal cavity, modelled by Webster’s equation on a Y-shaped
graph. For more concrete examples, we refer to Malinen [19].

2. Background. In this work we treat linear boundary control systems described
by operator differential equations of the form (5) involving linear mappings G, L,
and K:

Definition 2.1. Let E:= (G, L, K) be a triple of linear mappings.

(i) E is a colligation on the Hilbert spaces (U, X,Y) if G, L, and K have the
same domain Z = dom(Z) C X and values in U, X, and ), respectively;
u
(ii) A colligation Z is strong if [(L;] is closed as an operator X' — {3\;] with
domain Z, and L is closed with dom(L) = Z.
We call L the interior operator, G the input (boundary) operator, and K the output
(boundary) operator. The space Z we call the solution space, X the state space, and
U and Y the input and output spaces, respectively. In Z we use the graph norm
I21Z = 121% + |Gzl + 1 L2113 + 1K 2[5

In this paper we use the notations [] and @ to represent orthogonal direct sum

of (sub)spaces. See also Remark 3 for a discussion on the terms input and output.
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The definition of strongness coincides with [21, Definition 4.4]. By [21, Lemma 4.5],
= is strong if and only if L is closed with dom(E) and G and K are bounded with
respect to the graph norm of L on dom(Z). We shall later make use of this fact.

Many dynamical systems defined by boundary controlled partial differential equa-
tions naturally adopt the form (5) associated with some colligation (G, L, K) on
properly chosen spaces (U, X,)), see the example in Section 5. Equations (5) are
solvable forward in time (at least) if = satisfies somewhat stronger assumptions:

Definition 2.2. A strong colligation = = (G,L,K) is a boundary node on the
Hilbert spaces (U, X, Y) if the following conditions are satisfied:

(i) G is surjective and N(G) is dense in X

(ii) The operator L|yq) (interpreted as an operator in X with domain N(G))

has a nonempty resolvent set.

This boundary node is internally well-posed (in the forward time direction) if, in
addition,

(iii) L|n(q) generates a Cp semigroup.

This definition coincides with [20, Definition 1.1] for strong colligations. There are,
in fact, well-posed boundary nodes that are not strong (see [21, Proposition 6.3])
but we do not consider such nodes in this paper'. We remark that also [8], [9], and
[15] treat strong colligations (with different names), see [21, Theorem 5.2] and [15,
Remark 4.4].

Note that “boundary node” does not refer to the vertices of the underlying graph
structure. In fact, boundary nodes are related to the edges of the graph. Therefore,
we always talk about vertices when referring to the graph structure.

If 2 = (G, L, K) is an internally well-posed boundary node, then (5) has a unique
solution for sufficiently smooth input functions w and initial states zo compatible
with «(0). More precisely, as shown in [20, Lemma 2.6], for all zp € Z and u €
C?(R*;U) with Gz = u(0) the first, second, and fourth of the equations in (5) have
a unique solution z € C1(R*; X)NC(R*; Z), and hence we can define y € C(R*;Y)
by the third equation in (5). In the rest of this article, when we say “a smooth
solution of (5) on RT” we mean a solution with the above properties.

In a practical application, checking the solvability of (5), that is, verifying the
conditions of Definition 2.2 may be difficult. However, in many cases this is not nec-
essary because the system satisfies energy (in)equalities that can be verified using
the Green—Lagrange inequality without an a priori knowledge of the well-posedness.
Such energy laws make it easier to check the solvability, see Proposition 1 below.
First we shall define impedance passivity/conservativity. To keep the notation sim-
ple, we assume that & = ) even though it would be enough to assume that ¢ and
Y are a dual pair of Hilbert spaces with duality pairing (-, '>(y,u)? see [21, Definition
3.6] and the discussion preceding it.

Definition 2.3. Let E = (G, L, K) be a colligation on Hilbert spaces (U, X,)).
(i) E is impedance passive if the following conditions hold:

(a) ij—[{{ is surjective for some «, 3 € C*;
(b) For all z € dom(Z) we have the Green—Lagrange inequality

Re(z, Lz) , < (Kz,Gz),,. (6)

ITo avoid confusion, we shall use the term strong boundary node below.
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(ii) Impedance passive E is impedance conservative if (6) holds as an equality, and
(a) holds also for some «, 3 € C™.

Impedance passivity/conservativity is defined in [21, Definition 3.2] using the exter-
nal Cayley transform of scattering passivity/conservativity (see also the discussion
there). These definitions are equivalent by [21, Theorem 3.4]. We further remark
that [21, Theorem 3.4] also states that for an impedance passive Z, condition (a)
holds for all a, 3 € CT, and for an impedance conservative =, condition (a) holds
also for all o, 8 € C™.

Suppose now that = is an internally well-posed, impedance passive boundary
node and z a smooth solution of (5). Then (6) means plainly the energy inequality

d (1
& (B101) < Gw.uv), forarer:
where the right hand side stands for the instantaneous power entering the system,
and the norm of X’ measures the energy stored in the state.

The following proposition utilising the energy balance laws is needed for checking
internal well-posedness and impedance passivity/conservativity.

Proposition 1. Let = = (G, L, K) be a strong colligation on Hilbert spaces (U, X, U).

(i) Suppose that (6) holds for all z € dom(Z), and that [, ] is surjective for
some a € C with Re(a) > 0. Then E is an internally well-posed, impedance
passive boundary node. If, in addition, (6) holds as an equality and [,ﬁL} is
surjective also for some Re(a) < 0, then the internally well-posed boundary
node = is impedance conservative.

(i) If = is impedance passive, then it is an internally well-posed boundary node if
and only if its input operator G is surjective.

For a proof, see [21, Theorem 4.3 and Remark 4.6] for part (i) and [21, Theorem
4.7] for part (ii).

Internally well-posed boundary nodes can always be written in terms of more
general and complicated system nodes (see [20], [22], and [26]) but they are excluded
from state linear systems studied in [4]. A functional analytic setting of boundary
control systems, that is independent of the system node setting, was formulated by
Fattorini in [8] and significant progress was made by Salamon in [24, 25]. See also
Greiner [10] for a similar presentation.

3. Transmission graphs as colligations. Assume that we have colligations
=0) = (G(j),L(j),K(j>) on Hilbert spaces (u<j>,2(<j>7y<j>) with solution spaces
20, j=1,..,m, where

'ng) ul(J)
GW) = s dom(ZW)) - Y = and
G%) u}g’)
- _ (7)
K§J> yf])
KGO = : ;dom(yn) — YU = :
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That is, the Hilbert spaces ) and YU) are represented by an orthogonal direct
sum of k; subspaces each, and the corresponding input and output operators are
split accordingly.

In order to define the topological structure of the transmission graph, we define
control vertices T, ..., TN (where N # 0) and closed vertices J', ..., JM as pairwise
disjoint sets of index pairs (j,i) where j refers to the subsystem 20) and i €
{1, ..., k;} refers to the i*" component in the splitting (7). We assume that every pair
(4,0) for j =1,...,m; i =1,....k; belongs to some vertex. This is not a restriction
since uncoupled input/output pairs can be included as singleton vertices, as in our
example in Section 5.

Each vertex defines a coupling between the subsystems in such a way that all
inputs ugj ) whose index pairs (j,7) belong to the same vertex are equal, and the
corresponding outputs are summed up. In addition, for closed vertices we require
that the outputs sum up to zero. For such coupling to be possible, it is required
that the compatibility conditions

() _ (4 _
U =up) and Y =yw (8)
hold for all (j,1), (p,q) € Z¥, k=1,...,N and for all (j,i),(p,q) € I, I =1,..., M.
The couplings are written in terms of input and output operators as follows:

(i) for all control and closed vertices, the continuity equations
GEJ')Z(J') =GP, ») for 20) € 2U) and 2 € 2@ (9)
hold, i.e., (9) holds for all (j,4), (p,q) € Z¥, k =1, ..., N and for all (4, ), (p, q) €
JL1=1,..,M; and

(ii) for closed vertices, also the balance equations

Z Kimz(j) =0 for 20 € 29 and I =1,..., M (10)
(4,))eTt
hold.

Control vertices are exactly those couplings where external signals are applied. If
the transfer function (see [20, Section 2]) of each =() represents electrical admit-
tance, then the physical dimensions of U and Y are the voltage and current,
respectively. Equations (9) and (10) are the classical Kirchhoff laws, namely, the
continuity of voltage and the conservation of charge.

Definition 3.1. Assume that Z(9) are colligations with splittings as described above
in (7). Suppose that sets Z',...,Z and J!,..., 7™ are defined consistently with
this splitting so that the compatibility conditions (8) hold. The ordered triple

= ({EU)}; AT, {jl}ll\il)

is called a transmission graph.

A transmission graph is a notion that contains the building blocks and the “as-
sembly instructions” of the composition. Together with coupling conditions (9) and
(10), it gives rise to a dynamical system as follows:

Definition 3.2. Let I'" be a transmission graph as in Definition 3.1. Using the
same notation, we define the colligation of the transmission graph as the triple
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Zr = (G, L, K) on the Hilbert spaces (U, X', ) where?

X = é){(.j)7 U= @ Z/[i(j)v Y= @ yi(j)7
j=1

(9) and (10) hold » ,

j=1
L
G 7[Gk]]k:1 ..... N, L = . s andK :[Kkj]kzl ..... N
,,,,, I,(m
where

In order to make the preceding definitions more intuitive, let us return to the
example on the wave equation on the graph of Fig. 1, presented in the introduction.
We have four boundary nodes Z(), j = A, ..., D whose input and output spaces
are split into two parts, see equation (4). In the graph, there is one control vertex
T' = {(A,1),(C,1)} and two closed vertices J' = {(4,2), (B, 1),(D,2)} and J? =
{(B7 2)7 (C’ 2)7 (D7 1)}'

The dynamical system given by (1), (2), and (3) corresponds to the colligation
of the transmission graph I' := ({Em}f:A , {Il} , {Jl, JQ}). More precisely,
equations in (2) are equivalent with (9) and (10) and the input and output operators
given in Definition 3.2 yield the input/output of equation (3).

The main result of this paper is the following;:

Theorem 3.3. Assume that the transmission graph T is composed of internally
well-posed,  impedance passive (or conservative), strong boundary mnodes
=0) = (G(j),L(j),K(j)) with the following property:

G

KW] are surjective. (11)

all of the operators [

Then the colligation of T’ is an impedance passive (respectively, conservative), in-
ternally well-posed, strong boundary node.

This is proved in three steps (Lemmas 4.1, 4.2, and 4.3) presented in the following
section. The assumption (11) can be relaxed (see Remark 1) but this condition
appears to hold in many applications (as in our example in Section 5).

4. Proof of Theorem 3.3. Suppose we are given a transmission graph I". We
reconstruct this graph by a finite number of three different kinds of steps, starting
from its components =), In step 1, we form a partial parallel connection between
two compatible colligations to obtain a new colligation, see Fig. 2a. We remark that
such parallel connections are treated in [26, Examples 2.3.13 and 5.1.17] for system
nodes. In step 2, we form loops by joining two signals of a single colligation to obtain
a new colligation, see Fig. 2b. Both the control vertices and the closed vertices are
treated similarly at this stage: all the vertices are left “open” so that (9) is satisfied
but (10) is not. After constructing the full coupling graph structure by taking a

2Tn sums of U and Y, pick one pair (j,4) € ZF for each k.
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A B
u(b ) Ue ulP) Uy Uy = U3
A B

Pl
e b LR

c

(a) (b)

FIGURE 2. (a) The partial parallel coupling; (b) The loop coupling

finite number of steps 1 and 2 in some order, the final step 3 is taken to close those
vertices that are not used for control/observation; then condition (10) is satisfied
as well. The transmission graph I' and its colligation have now been reconstructed,
and the remaining (open) vertices are exactly the control vertices of T'.

By this procedure, it is possible to synthesise any transmission graph. In Lemmas
4.1, 4.2, and 4.3, we show that if we start from internally well-posed, impedance pas-
sive/conservative strong boundary nodes, then the resulting colligations after steps
1, 2, and 3 (respectively) are internally well-posed, impedance passive/conservative,
strong boundary nodes as well. This is required for iterated application of these
steps in order to prove Theorem 3.3. The reconstruction procedure is demonstrated
in Section 4.4 by using the graph of Fig. 1.

4.1. Step 1: Partial parallel coupling. Assume that we have two colligations

(4) (4) (B) (®)
E4) — <{gg/ﬂ} LA, {?’”D and 2(B) = ([2@)} LB, {Q»B)D on Hilbert
spaces ([UZEM] XA [y),ﬁ}‘”]) and ([“f)} X B [yJé}B)D with solution spaces
2 and 2B respectively.

Now define the composed colligation Z(4B) .= (G(AB),L(AB)7K(AB)) on the
Hilbert spaces

o U YA
AR = ﬁm)}, UAB = | U, |, and YAB .= |y,
(B) (B)

ub yb

LA o
(AB) ._

G o KMo

¢am) — | g o | and K@B . | g p®
oGP o kP

The domain of the colligation is
dom(z48) .= [ [0 ¢ [domEN] | o _ g,
om(=Z =1L dom(Z(®)) A =GPz .

Such partial parallel coupling is illustrated in Fig. 2a. We now show that such
coupling of two boundary nodes is also a boundary node and the coupling preserves
internal well-posedness and passivity /conservativity.



COMPOSITIONS OF PASSIVE BCS 9

Lemma 4.1. Let 24, 2B and EAB) be as defined above. If the colligations =4

and 2B) are internally well-posed, impedance passive (conservative), strong bound-
ary nodes such that both [f{iii] and [ggi] are surjective, then the composed col-
ligation =AB) s an internally well-posed, impedance passive (resp., conservative),

strong boundary node with the property that [gizg] s surjective.

Proof. We start by showing that Z(45) is a strong colligation. First, we show that
(4)
E(AB) is closed. Assume that dom(Z(45)) 5 [j?B)] — [Z(A)] and

e
(A) ; (A)
GZ(’A) O [ o LA o [z 2
G 0 L] 7 el Lo w7 e
0 Gg) n | ub n

(4)

[ (A

K0 T Yo

and | KM KT | = | ve
Z

0o K P

n

Since colligations =(4) and Z(B) are strong, the operators L(*) and L(B) are

closed [Z(A)] S [dom(E(A))] and also L(4)z(4) = z(4) and LB 2(B) = z(B) To
v B dom(E(B)) ’

L(A)

(B

show that [ } € dom(Z“P)), we need to use the strongness of Z(4) and =(F)

which means that G&A) and GEB) are continuous with respect to the graph norms
of L") and L(P) respectively (see the comment after Definition 2.1). Hence
IGEV = = G2y, < |GV (D = ), + G () = 2,
< M (1124 = =0 laen + ILDED =)y ) +
+Mp (Hz(B> — 2B vmy + | LB (2B) — z,S,B>)||X(B>) 50 when n — 0o

where we have used the fact GgA)z,(lA) = GﬁB)z,(lB). This implies GE;A)Z(A) =
GéB)z(B) meaning that [j;;] € dom(Z“5)). By a similar computation we can
verify
L I K0 Ty [u?
a o {Z(m} =| u | and [KM KPP {Z(m} = v
el R ] B A E L P

Closedness of L(AB) with domain dom(LA5)) = dom(Z(A8)) is shown similarly.
Thus, 248 is strong colligation. Note that in the preceding computation, we did

not need GgA)z,(lA) — U, to show kg;;] S dom(E(AB))7 i.e., GE;A)Z(A) = GS;B)Z(B).

We proceed to show that Z(45) is an internally well-posed, impedance passive
)

boundary node with the help of Proposition 1. Surjectivity of [(ﬁ ;(f 5)] (with
domain dom(E(4P))) for some a € C with Rea > 0 follows from the fact that

|: a

afL(A)} and [af(;z;)] are surjective for the same «. All that is left is to show
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that the Green—Lagrange identity (6) holds:
Re(z, LAB)Z) 1y = Re<<Z(A),L(A)Z(A)>X(A) 4 <Z(B)7L(B)Z(B)>X(B>>
Re (<K;A>Z<A>7 GV )+ (KEVAD, V), 4

(R, G D) ) 4 (KD, G 20), )
= Re(KAD)z GUB)

IN

U(AB)

where the last equation follows from GEA)Z(“” = GEB)z(B ) and definitions of G(AB)
and K4B) | Surjectivity of [g((ii))} follows from surjectivity of [gij\))] and [%3]

The conservativity is verified by repeating the latter part of the proof with —a in
place of a and replacing the inequality in Green—Lagrange identity by equality. O

4.2. Step 2: Loop coupling. Now assume that we have a colligation = = (G, L, K)
u hY G K

on the Hilbert spaces ({uz} S X, {3&}) where G = {G;} and K = {K;}, i.e., the
U Ve G: K3

3
input and output operators and spaces can be split into (at least) three parts. We

“glue” two of these parts together to form another colligation g .= (@ Z,I? ) on
the Hilbert spaces ([Zl} X, [%(1]) with dom(Z) = {z € dom(E) | G2z = G3z},
T A._ [Gi > ._ [ K
L:= L‘dom(é)’ G = [G;]’ and K := [K2+1K3]'

The block diagram of such coupling is shown in Fig. 2b. As in step 1, we show
that if the original colligation = is an internally well-posed, impedance passive
(conservative), strong boundary node, then = is one as well.

Lemma 4.2. Let = and E be as defined above. If the colligation = is an inter-
nally well-posed, impedance passive (conservative), strong boundary node such that
[IG{} is surjective, then also = is an internally well-posed, impedance passive (resp.,

conservative), strong boundary node with the property that {?{] is surjective.

Proof. Strongness of £ is shown as before in Lemma 4.1.

G

Surjectivity of [aff] for some a € C with Rea > 0 is easy to see, and also

Green-Lagrange identity holds in dom(Z):

Re<z7 Ez)/,? Re<Klz7 G1z> ) =+ Re<ng7 G2Z>Z/Ic + Re<K3z7 G3z>uc
Re<K1z7 Glz> T Re<(K2 + K3)z, ng>uc
= Re<f(z7 §z>

123

I IA

u
u
where the second equality follows from Goz = G3z and the last from the definitions
of G and K. Surjectivity of [g] follows from surjectivity of [ ¢].

If = is conservative, then to show conservativity of é, just repeat the proof with
—a in place of «a and replace the inequality in the Green—Lagrange identity with
equality. O

4.3. Step 3: Closing the vertices. In this step, we single out some vertices
as control/observation vertices and permanently “close” all others with respect to
additional external signals. Note that after steps 1 and 2, under the assumptions of
Lemmas 4.1 and 4.2, the resulting colligation is an internally well-posed boundary
node, such that (9) is satisfied. This closing means that we require also (10) to be
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satisfied, and we now show that this can be done without sacrificing the internal
well-posedness or passivity/conservativity.

So let Z = (G, L, K) be a colligation on the Hilbert spaces ([if!], &, [3}]) with
splittings G = [G;] and K = [K;] where G2 and Ky correspond to vertices we
want to close. Define the new colligation by Z = <G1, f K1> on the Hilbert spaces

(U, X, 1) with dom(Z) = dom(Z) NN (K5) and L := Ly, =)
Lemma 4.3. Let = and = be as defined above. If = is an internally well-posed,
impedance passive (conservative), strong boundary node with the property that [IGA
is surjective, then also Z is an internally well-posed, impedance passive (resp., con-
servative), strong boundary node.

Proof. We carry out a partial flow inversion and interchange the roles of Gy and

K5. More precisely, we shall prove that = := <é L I?) on Hilbert spaces

([gé] X, [%;D where G := [f(;], K= [gl] and dom(Z) := dom(E), is an inter-
nally well-posed, impedance passive (conservative), strong boundary node. Colliga-
tion = is then obtained from = by restricting the solution space to N'(K3), and it
clearly has all the properties as claimed, see Definition 2.2 and the comment after
Definition 2.1 concerning the strongness of =.
It is trivial that = is a strong colligation. One way to see the interchangeability

of Gy and K> is directly by Definition 2.3 with g = 1:

T G K G K

G+K| _[lrel+la]] [l +[r]] _[G+E )

a—L a—L a—L a—L
The surjectivity of this operator follows from impedance passivity of =. Similarly
for the conservative system we also need the operator

{é-k} P {G_K]
a—L 00 17T a—L

to be surjective which holds by the conservativity of =, see Definition 2.3 with
B = —1. The Green—Lagrange (in)equality trivially holds, and it follows that Z is
an impedance passive (conservative), strong colligation.

[I]2

Finally, by Proposition 1, the surjectivity of [IG{;] implies that £ is an internally
well-posed boundary node. O

Remark 1. Assumption (11) is actually stronger than what was needed in The-
orem 3.3. Indeed, it was only used in the last lines of the proof of Lemma 4.3.
However, the minimal sufficient conditions are impossible to formulate in terms of
the control/observation operators of the subsystems. Instead, we would have to
consider the whole composed system. The requirement is that the control operator
of the composed system has to remain surjective despite the couplings in the closed
vertices.

Remark 2. The partial parallel coupling could be constructed by first forming a
cross product of systems E(4) and E5) | see [26, Example 2.3.10]. It is easy to sce
that the cross product preserves all the desired properties of the colligations. The
partial parallel coupling can then be formed by applying a loop coupling to the
product system. This means that Lemma 4.1 actually follows from Lemma 4.2.



12 ATTE AALTO AND JARMO MALINEN

Remark 3. Using the words input and output for Gz and K z is somewhat mislead-
ing. In fact, since our coupling equations (9) and (10) include conditions involving
both Gz and Kz, we have to assume that also the flow-inverted system is solvable;
that is, solvable if G and K are interchanged. For many systems this is not a serious
restriction and, in fact, the whole concept of abstract boundary spaces (introduced
in [9]) is based on the existence of such interchangeable pair of possible boundary
conditions. See also Derkach et al. [5] for a study of compositions of systems using
such abstract boundary spaces and Kurula [14] for an introduction of state/signal
systems that are based on equal treatment of inputs and outputs.

4.4. Example on constructing the composition. Let us once more return to
the example of the introduction. We reconstruct the interconnection graph in four
phases which are illustrated in Fig. 3. We start with four boundary nodes labelled
with A, B, C, and D. The input and output operators and spaces of each system
are split into two parts, i.e., k; = 2. The vertices are labelled with 1 and 2 and the
arrows in Fig. 3 point from 1 to 2.

e Phase 1. We start with colligations 20 =

) ) )
spaces ([Z‘(j)} , X)) [$:j>})’ j=AB,C,D.
2 2

e Phase 2. The system A is connected to B, and C to D, by a partial parallel
coupling so that we obtain two colligations Z(45) and Z(¢P) with

o ) {Kf”
k)

o | K }) on the Hilbert

a® o K% o
GUB — | v . KUB) — | g g@®) |
B B
0 G 0o kP
andqom(=4) = { [ )] € [0 | 6fVs0 =120}

and similarly G(¢P)| K(©P) and dom(E(CD)).

Note that these colligations are induced by transmission graphs; for example
the colligation of TAB) .= ({E(A)’E(B)} (A DL {(A,2), (B, 1)}, {(B,2)}},0)
is exactly Z2(4B)

*—>e *—>e *—ro—>o
1: 2:
C D c D
éﬁ‘—B» A
3: D 4: B
—C 4 C

Ficure 3. Composing a transmission graph
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e Phase 8. Now Z(4B) is connected to E(CP) by a partial parallel coupling. The
part of the operator G(4B) which is not involved in the connection is GgAB) =

0 a® :| and the part that is, is G*") = [GéA) 0]. Correspondingly
2

(A)
KM = [ K(l] K?B) } and K = [K{Y K®]. The system D) is
2
connected by its free vertex {(D,2)} to the common vertex {(4,2), (B, 1)} of Z(45)
(@)
so the C'D-splitting is done differently, namely GéCD) = |: G(l) G?D) ; GP) =
1
K9 o
Kéc) K{D)
Thus, as described in Section 4.1, we obtain a system with

[0 6P, kP = cand K7 =0 K{7)).

g o | o o | EY o | o o0
0o G 1 o 0 o KPP\ o 0
a=|ac™ o 0o |, K=| K" kP[] o kP |,
o o0 |G9 o 0 0 [K9 o
0 0 o G\ | 0 0 |k kP
and dom(E) = {z(j) € dom(EY), j=A,B,C,D ‘

G- — GIB)LB) _ P, (D) ) (0) _ GgD>Z<D>}.

Again, the colligation = is induced by a transmission graph
T = ({E(J')};:;A,{Il 15:1,®>Where 7, = {(4,1)}, T = {(4,2),(B,1),(D,2)},
Is ={(B,2)}, T, = {(C, 1)}, and Z5s = {(C,2), (D, 1)}.

e Phase 4. In the last phase, the vertex {(B,2)} is connected to {(C,2),(D,1)},
and {(A4,1)} to {(C,1)}, by aloop coupling. The parts of input and output that are

not involved in the connection are Gy = [GéA) 000] and K7 = [K§A> KﬁB) 0 KéD)].

(A) (A)

. G 0 00 K 0 00

The operators that are involved are Gy = 1 &) , Ky = ! 5 ,
o G o0 o K{® 00

C (e}
Gy = {g 2 GE) ) G?D):|7 and K3 = {g g };icj K?D)]' As described in Section 4.2, the
new input and output operators are G = [g;] and K = [ K;j_lks], To dom(E) we
impose the additional condition Gzo = G3z3. In terms of the original blocks, this
means G(lA)z(A) = ch)z(c) and G(ZB)Z(B) = GgD)zw).

In block operators G' and K, before closing any vertices, each column corresponds
to one system (an edge of the graph) and each row corresponds to a coupling (a
vertex of the graph). Thus, in phase 2, the block operators GAB) K (AB) q(CD),
and K(©D) have three rows and two columns. In phase 3, G and K have five rows
and four columns. And finally, when connecting vertex {(B,2)} to {(C,2),(D,1)}
and {(4,1)} to {(C,1)}, two rows are lost.
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Nose —
Mouth—

Pharynx

|
Vocal folds

FI1GURE 4. The human vocal tract and nasal cavity

5. Webster’s equation with dissipation on a graph. An MR-image of the
human vocal tract is shown in Fig. 4. The vocal tract can be considered as a
Y-shaped graph whose three free vertices are at the vocal folds, mouth, and nose
(in Fig. 4, the nasal cavity is only partially visible). The closed vertex with three
outgoing edges is located in the pharynx. Wave propagation in such domain can be
computed by Webster’s equation up to frequencies of about 4 kHz where the effect
of the transversal resonances becomes significant, see [11, Section 5 and Fig. 1].

The generalised Webster’s equation is derived in [18], and it is given by
92 2 2
l@%%%ﬁwﬂLﬂ—igﬂ%(ﬂm%%%ﬂ):0 (12)
The solution ¢ is Webster’s velocity potential that approximates the wave equation
velocity potential when averaged over a transversal cross-section at distance x € [0, ]
from the tube end. Functions A(-), S(-), and ¢(-) are the cross-sectional area of the
tube, the surface area factor, and the corrected sound velocity, respectively. The
coefficient 6 > 0 regulates the dissipation at the tube walls. The classical Webster’s
equation is obtained by setting # = 0 and ¢(-) = c.

As explained above, the model for the vocal tract is divided into three parts. In
each of these parts we have velocity potentials ¥ : [0,1;] x Ry — C, j = A, B,C
that satisfy (12) with respective functions A; € C[0,1;] such that A;(z) > € > 0,
S; € L*(0,1;) such that S;(z) > 0, and ¢; such that co > ¢;j(x) > € > 0 and
cj_z(az) € L?(0,1;). The potentials are connected through Kirchhoff conditions

2w (0,1) = 2221(0,¢) = W”mw
{AA< >f’”f;;><o,t>+AB< )""“ (0,4) + Ac(0)257(0,) = 0.

The system is controlled by the flow u through the vocal folds, and there is an
acoustic resistance at the mouth and nose openings:

Uyt (z,t) +

(13)

[w( )(ZA7 t) = u(t) at vocal folds,
aw )(le )+ 9363(13)6%7?(13,15) =0 at mouth, and (14)
f’w( (lo,t) + bcco(lc) 2 (o, 1) =0 at nose

where 05 and Gc are the dimensionless normalised acoustic resistances.
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We proceed to formulate this model as a transmission graph. First, we write
Webster’s equation as a first order system by choosing the state vector as z = [Ji ] .

The state and solution spaces are
X0 = p0,1;] x L*3(0,1;)  and 20 = h2[0,1;] x H[0,1;]
respectively, where h'[0,1;] = H[0, lj]/w and h2[0,1;] = H?[0, lj}/w where the

equivalence relation z ~ v holds if z — v is constant Lebesgue almost everywhere in
. in R0 L] wi — || 9%

(0,15). We equip h'[0,;] with the norm [[¢][41(0,1,) = H s ||L2(07lj), and the state

spaces with inner products

Uy 0z1 vy

— b 4(x)
(2,0) piy 1= p< | %(x)a x) Aj(:b)dach/O zo(2)va () c]'(r)zd:p)

where p is the fluid density. The induced X@-norm corresponds to the physical
energy — the first term gives the kinetic energy of the fluid and the second term
gives the potential energy (recall that acoustic pressure is obtained from the velocity
potential through p(z,t) = py:(x,t)). In the solution spaces we use norms

2
||Z||2 Gy = ||Z1H21 + 78221 + H22H2 1 .
Z0 h1[0,15] Ox2 £2(0,4;) H1[0,15]
ol

The input and output spaces are Y9) = Y = C? with the Euclidian norm. The
interior operators are defined by

LW .= wl £ pi . zG) 5 x0)

where
W) .— oi(2)? 0 5 ! and DU .= 0 27r95»(()z)c»<z>2 5
A,(@) os (AJ‘(I)%) 0 U 1, @)

the dissipative part D) acts as a bounded perturbation (in X (j)) to the classical
Webster-related part W), The input and output operators are defined by

() oz
G020 = [P OO g g0 = |70 (0.0
pz3’ (1j,t) A1) 2 (1, 1)

The pressure controlled, velocity observed Webster’s equation can finally be written
in the form

u(j)(t) - G(J’)Z(j)(t)7
00() = LW (),
y(y')(t) — K(J‘)Z(J‘)(tL t e R+,

and it remains to show that each Z0) = (G, L), K1) satisfies the conditions of
Definitions 2.2 and 2.3.

Theorem 5.1. Each colligation Z9) = (GU) LW KU) on spaces (CQ,X(j),CZ)
defined above is an impedance passive (even conservative if = 0), internally well-

posed, strong boundary node.

Proof. Here we drop the index j, and begin by showing the claim in the special
impedance conservative case E= (G,W,K) on ((CQ7 X, (CZ).

It is easy to see that Eisa strong colligation, and that G is surjective. Thus, to
show surjectivity of [, | it is sufficient to show (a — W)|u(g) to be bijective.
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Fix [ﬁ € X (in the following we treat [f ] as a representative from the equiva-

lence class) and « # 0. We wish to find [Z}] € N(G), s.t.

vty o 1215
c(x 2 = . 15
[/5(3)51,<A<x>5;> o H / "
The first row implies az; — z2 = f (in H'[0,1]). The condition [Z] € N(G) is
equivalent to 22(0) = z2(l) = 0 so that 21(0) = %0) and z(l) = O Multiplying

(e}
the first row in (15) with o and adding it to the second row gives

aaw) - 575 5 (4052 @) = af(e) +90) (€ H0.0).

This equation with the aforementioned boundary conditions has a unique variational
solution z; € H?[0,1] that satisfies [,.;" ;] € N'(G). If we solve (15) for a different
representative of the same equivalence class, that is, with right hand side [f Zc]

z21+C/a ] _

where C € C, then we get for (15) the respective solution [a<zl+c/a)7fic

[gjﬁ/ﬂ which is in the same equivalence class with [a;;l,f]. Hence, equation
(15) has a unique solution in Z for all [5] € X. The Green-Lagrange identity (6)

for £ as an equality can be shown by partial integration. The claim is now proved
for 2 by Proposition 1.

Since D : X — X is bounded, also L|xq) = (W + D)|n(q) generates a Co-
semigroup by [2, Corollary 3.5.6]. Because S(z) > 0 and 6 > 0, it follows

!
(2,Dz), = —2mbp S(z)z2(2)? dz <0
0

which means that Green-Lagrange identity for = holds as an inequality. Because
bounded perturbations of closed operators are closed, nodes = and = are simulta-
neously strong. O

The boundary conditions (13) in the pharynx correspond to conditions (9) and

(10). Thus, after noting that operators [gx;] are surjective (try polynomial func-

tions in Z), Theorems 3.3 and 5.1 yield:

Theorem 5.2. Define the transmission graph I' with three control vertices and one
closed vertez by

r = ({E9,27, 29} H{A21 (B, 2121, (A, (B.1), (G D).

The colligation induced by T is E = (G, L, K) on spaces (C*, X, C?) where

24 pzs™(la,t) LA 0 0
G|zP | = |ptP gy, L= 0 LB 0 |, and
S0 I R S (P o 0 IO
L (4)
L(4) AA(ZA)B(;&)(IA,t)
K |20 = | Ap(ip) B (ip,1) | » with X=X 0x® 00X and
(© (&)
* Ac(lc)aalz (e,
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L(4) Z(4)
dom(2) := 2B | e | 2B 200, = 282(0,4) = 490, 1),
L(0) 2(C)

9z 92" 929
AA(0)25(0,1) + Ap(0) 25— (0,1) + Ac(0) 25— (0,1) = 0 |

Then = is an impedance passive, internally well-posed, strong boundary node. The
node Z is conservative if and only if 6 = 0.

Here also the vertices corresponding to the mouth and nose are also chosen to be
control vertices which does not correspond to boundary conditions (14). It can be
shown that an impedance passive internally well-posed system remains as one with
such resistive termination but we do not do it here.

6. Remarks and conclusions. Many kinds of passive boundary control systems
can be interconnected with each other so that the composed system is also a pas-
sive and internally well-posed boundary control system. The presented Kirchhoff
couplings are natural when connecting impedance passive systems. We remark that
it is also possible to form partial couplings using the presented techniques. This
is needed, e.g., when beams are connected to each other by a hinge that does not
transmit all the degrees of freedom between the subsystems. This can be done by
splitting the input and output spaces using orthogonal projections and then treating
these as independent inputs and outputs.

However, if the junctions themselves have (finite-dimensional) dynamics then
these methods are not (directly) applicable — consider, for example, a hinge junc-
tion between two beams with a spring or a damper. In such case the resulting system
is not necessarily of boundary control form, and instead, these systems should be
treated in the more general system node setting. See the work of Weiss and Zhao
[29] for this kind of ideas.

All results in this paper require the colligations to be strong in the sense of
Definition 2.1. As mentioned before, there are internally well-posed boundary nodes
(in the sense of [21, Definition 2.2]) that are even impedance conservative and satisfy
U = Y but are not strong. One such example is given in [21, Proposition 6.3] in
terms of the boundary controlled wave equation on 2 C R™ with smooth boundary
0f). However, the same PDE with the same boundary control can be written as
a strong node at the cost of U # Y; these spaces are still a dual pair. Note that
Theorem 3.3 can be applied also in this case even though the smoothness assumption
on 0N seriously restricts the possible couplings of this kind of systems.

Acknowledgments. We thank the anonymous reviewer for pointing out the pos-
sible simplification of the proof of our main theorem (see Remark 2).
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AssTrAcT. This article is concerned with the convergence of the state esti-
mate obtained from the discrete time Kalman filter to the continuous time
estimate as the temporal discretization is refined. We derive convergence rate
estimates for different systems, first finite dimensional and then infinite dimen-
sional with bounded or unbounded observation operators. Finally, we derive
the convergence rate in the case where the system dynamics is governed by
an analytic semigroup. The proofs are based on applying the discrete time
Kalman filter on a dense numerable subset of a certain time interval [0, T7.

1. INTRODUCTION

It is well known that Kalman filter gives the optimal solution to the state es-
timation problem for discrete time linear systems with Gaussian initial state, and
Gaussian input and output noise processes. The continuous time estimator is gen-
erally known as the Kalman-Bucy filter. These filters have proven to be very robust
and so they have been widely used in practical applications since their introduction
in the 1960s. The implementation is straightforward since especially the discrete
time filter is readily formulated in an algorithmic manner. Thus, it may often be
tempting to use the discrete time filter on the temporally discretized continuous
time system. The purpose of this article is to study the convergence of a state
estimate from discrete time Kalman filter to the continuous time state estimate as
the temporal discretization is refined. In particular, we show convergence speed
estimates for the quadratic error between the discrete time and continuous time
estimate first for finite dimensional systems, then for infinite dimensional systems
with a bounded observation operator, and finally, for systems with unbounded ob-
servation operator.

The class of systems studied here is described by a pair of mappings (4, C) :
X — X x Y and the corresponding dynamics equations

4,(t) = Az(t), teRY,
2(0) =, (1)
dy(t) = Cz(t) dt + dw(t).

2010 Mathematics Subject Classification. 93E11, 93C57.
Key words and phrases. Kalman filter, infinite dimensional systems, temporal discretization,
sampled data.
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Here X is called the state space and Y = RY is the output space. The mapping A
is the generator of a contractive Cy-semigroup e* on X' with domain D(A) and
C : X — RY is called the observation operator. The observation operator can be
bounded or not but it always maps to a finite dimensional space in this article. The
process y is called the output process. The output noise process w is assumed to be
g-dimensional Brownian motion with incremental covariance matrix R > 0 and the
initial state x is assumed to be an X-valued Gaussian random variable.
The discrete and continuous time state estimates are defined by

i =E(e[{y(D)}L,) and (1) =E(|{y(s)s<T}), ()

respectively. That is, we are estimating the initial state of the system (1). In the
absence of system input (or input noise — deterministic input can be removed by
the usual techniques) it holds that E(z(t)|o) = e**E(x|o). These estimates are
given by the discrete and continuous time Kalman filter, respectively — given that
the continuous time Kalman filter equations are solvable. The purpose of this article
is to study the convergence &7, — &(T) as n — oco.

In Section 2, we cover the necessary background concerning stochastics and the
Kalman filter. In particular, in Section 2.1, it is shown that &7, — @(7T') strongly in
X almost surely. Gaussian random variables and the Kalman filter are introduced
in Section 2.2. In Section 2.3 we show how to take into account an intermedi-
ate measurement in Kalman filtering — an important tool in the article. Sec-
tion 3 contains the main results of this article, namely estimates of the convergence

speed of IE(".%T,n - %(T)"i) when n is increased first for finite dimensional systems

(Thm. 3.1) and then for infinite dimensional systems with bounded (Thms. 3.3 and
3.4) and then with unbounded observation operator C' (Thm. 3.5) when A is diago-
nalizable. In this case we have to make an assumption on the spectral asymptotics
of A and pose a slight restriction on how badly behaving C' can be. The case
where A is not diagonalizable but satisfies a well-posedness condition is treated in
Thm. 3.7. Finally, we show two convergence rate results if A is the generator of an
analytic semigroup (Thms. 3.8 and 3.9).

The Kalman filter performance has been widely studied in literature. Even
though it was originally derived for state estimation for finite dimensional linear
systems with Gaussian input and output noise processes it has proven to be very
robust and thus applicable to a variety of other scenarios. Variants for non-linear
systems have been developed, such as the extended Kalman filter and the unscented
Kalman filter, see the book [19] by Simon. Kalman filter sensitivity to modelling
errors has been studied by for example Sun in [21] and Gelb in [8: Chapter 7]. See
also the recent work [13] by Lee et al. for a study on the effect of modelling errors
in an infinite dimensional example case, namely the one dimensional wave equation.
The effect of state space discretization to Kalman filtering has been studied in, e.g.,
[9] by Germani et al. and in [1] by Aalto.

However, the error that stems from using the discrete time filter on the tem-
porally discretized continuous time system has not received much attention. Two
recent articles, [3] by Axelsson and Gustafsson and [23] by Wahlstrom et al., have
studied different numerical methods for approximating the matrix exponential eA4
and the effect of this approximation on the solution of the corresponding Lyapunov
equations and Kalman filtering. A convergence result of the discrete time Kalman
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filter estimate in finite dimensional setting is shown by Salgado et al. in [18] with-
out convergence rate estimate. They use similar techniques that can also be used
to (formally) obtain the Kalman-Bucy filter as a limit of the discrete time Kalman
filter, as is done for example in [19: Section 8.2] and [8: Section 4.3].

Notation and standing assumptions.

o The space of bounded operators from a Hilbert space H; to another Hilbert
space Hs is denoted by L(Hi, Ha), and L(H1) = L(H1, H1).

o We assume that the state space X is a separable Hilbert space. Denote by
{er }z/: 7 C X an orthonormal basis for the p/co-dimensional state space.

o A is the generator of a contractive Cp-semigroup on X. The semigroup is
denoted by e4* even though A is not bounded in general.

o The space D(A) is equipped with the graph norm ||x|\2D(A) = =% + Az
which makes D(A) a Hilbert space since A is closed.

o C € L(D(A),Y). This is a minimal assumption, and sometimes we assume
more. The output space is always finite dimensional, ) = RY.

o  is a probability space and L?(Q;X) is the space of X-valued random
variables z satisfying ]E(Hx"i,) < o0.

o The sigma algebra generated by a random variable h is denoted by o{h}.

o To improve readability, we use index n only when referring to the discretiza-
tion level in the state estimate @7, defined in (2), index k only to denote
different dimensions of the state space, and index j only when referring to
the martingale &; defined below in Section 2.1.

2. BACKGROUND AND PRELIMINARY RESULTS

As mentioned above, the proofs of this article are based on applying the discrete
time Kalman filter on a dense, numerable subset on the interval [0, 7] — starting
from the discrete time state estimate 7, and computing an upper bound for
the change in the estimate. In section 2.1, we establish that the limit thus obtained
is indeed #(T"). Gaussian random variables and the Kalman filter are discussed in
Section 2.2. In Section 2.3 it is shown how an intermediate observation is taken
into account in the state estimate.

2.1. Stochastics. In the cases where the state space X is infinite dimensional it
is always assumed either that = € D(A) almost surely or that C' € L(X,)). This
guarantees that the stochastic process y given by (1) has almost surely continuous
sample paths. Let {t;};~; be a dense subset of the interval [0,T] and denote T; :=
{t;}]_,. Now let = be an integrable X-valued random variable and y a stochastic
process with almost surely continuous sample paths. Then [z];, := (z,ex), is an
integrable R-valued random variable for each k. Define the martingales [Z;]; :=
E({z,ex) 5 | F;) where F; is the sigma algebra generated by {y(¢),¢t € T;}, that is,
F; = o{y(t),t € T;}. It holds that E(|[Z;]x]) < E(|(x,er)|) for all j and thus
by Doob’s Martingale convergence theorem (see [16: Appendix C]|, in particular,
Theorem C.6 and Corollary C.9), [Z;]r — [Zoo]r almost surely. As y has continuous
sample paths, it holds that [Zo]r = E((x, ex)  [{y(s), s < T'}) almost surely. Using
this componentwise implies that Z; := E(z|F;) = Y=, [Z;]xer converges strongly
(in X) almost surely t0 Foo = D poy [ToolkCh-
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Below we sometimes need the assumption that z € D(A) almost surely. With
Gaussian random variables this means that z is actually a D(A)-valued random
variable.

Proposition 2.1. Let z be an X-valued Gaussian random wvariable s.t. z € X
almost surely where X1 C X is another Hilbert space with continuous and dense
embedding. Then z is an Xi-valued Gaussian random variable.

Proof. Pick h € A1. We intend to show that (z,h),, is a real-valued Gaussian
random variable. For h € X there exists z € A7, the dual space of Xj, s.t.
(2, h)p, = <Z7$>(X11X{) and further, there exists a sequence {x;}52, C X such that
(z, $>(X1,Xl’) =limj_,oc (2, 2;) x- Now (z, ;) , is a pointwise converging sequence of
Gaussian random variables and so the limit is also Gaussian. O

Fernique’s theorem [6: Theorem 2.6] can be applied to note that if z is an Xj-
valued Gaussian random variable then x € LP(; A1) for any p > 0. In particular,

IE("J:Hi(l) < oo and if C € L(X1,)Y) then Cz is a Y-valued Gaussian random
variable.

2.2. Kalman filter. The discrete time Kalman filter was originally presented in
[11]. The continuous time filter is known as the Kalman-Bucy filter, and it was
presented in [12]. We also refer to the book [8] by Gelb for a thorough introduction
to both discrete and continuous time Kalman filters as well as the usual techniques
needed in different scenarios. Of course, the original presentations are in finite
dimensional setting. The infinite dimensional generalization of the discrete time
Kalman filter is rather straightforward, and it can be found for example in [10] by
Horowitz. The infinite dimensional Kalman-Bucy filter is considered by Curtain
and Pritchard in [4: Chapter 6]. For what comes to the continuous time filter
in infinite dimensions, care must be taken to make sure that the crucial operator-
valued error covariance equation is solvable. This problem is considered for example
by Flandoli in [7] and Da Prato and Ichikawa in [5] in the case of an analytic
semigroup with unbounded control and observation operators. In our proofs, we do
not even need to be concerned with the solvability of the continuous time equations.
Our approach is based on using the discrete time Kalman filter on a numerable
set {t;} that is dense on an interval [0,7], and showing that this state estimate
converges. In this section we thus review the discrete time Kalman filter equations.

The Kalman filter is based on the fact that with linear systems with Gauss-
ian initial state and input and output noise processes, the state vector remains a
Gaussian stochastic process. Also, the conditional expectation of the state with re-
spect to the measurements is a Gaussian process. The statistical properties of the
Gaussian X-valued random variable x are completely characterized by the mean
m = E(z) € X and the covariance operator P = Cov [z,z] € L(X), defined for
h € X by Covz,z]h := E((x —m) (x —m, h),). Thus it is meaningful to write
z ~ N(m,P) meaning that z is a Gaussian random variable with mean m and
covariance P. The covariance operator is symmetric and nonnegative and, in addi-
tion, it is a trace class operator with tr(P) = IE(||1 - mui), see [6: Lemma 2.14 &

Proposition 2.15]. In fact, by Fernique’s theorem, Gaussian random variables are
p-integrable for every p > 0.

For square integrable random variables, the conditional expectation with respect
to a random variable h is a projection onto the subspace generated by h. With
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jointly Gaussian random variables hy € X and finite dimensional hg, this projection

. - ha mi| |Pun P2
has an easy representation. That is, if h = ~ N s | o then
e ' LZJ qm?} {Plz P

E(h1|h2) = m1 + Pra Py (ha — ma2)

where Py}, denotes the (Moore-Penrose) pseudoinverse of Pas. The error covariance
is

Cov [hy — E(h1]h2) , h1 — E(h1|h2)] = P11 — Pra Py Ply.
Now applying the above equations to a Gaussian random variable [h1, ha, hs] where
ho and hg are finite dimensional, and the 2-by-2 blockwise matrix inversion formula
to Cov HZi] , [Ziﬂ leads directly to
E(h1|[h2, hs]) =E(hi1]ha) + Cov [hy — E(hi|he) , hs — E(hs|hs2)] x (3)
x Cov [hs — E(ha|ha) , hs — E(hs|ho)]" (hs — E(hs|hs))
and
Cov [h1 — E(h1]|[h2, h3]) , h1 — E(hq|[h2, hs])] (4)
= Cov [h1 — E(hi|h2) , h1 — E(h1]h2)] — Cov [h1 — E(h1]h2) , hs — E(hs|ha)]
x Cov [hs — E(hs|h2) , hs — E(hs|ho)]"
x Cov [hg — E(hg|ha), h1 — E(hi|ha)].
These equations make it possible to update the state estimate (here E(hqlhz))

recursively when a new measurement (here h3) is obtained from the system.
From (3) we get the covariance for the increment E(hq|[ha, hs]) — E(h1|h2),

COV [E(hﬂ[hg, hg]) - E(}L1|h2) 7E(}L1Hh2, h3D - E(hl‘hgn
= COV [hl - E(h1|h2) s h3 - ]E(h3|h2)} COV [h5 — E(h3|h2) 5 h3 - ]E(h5|h2)]+
X COV [h3 — E(hg‘hg) s h1 — ]E(h1|h2)] N
and further,
B(JE(h |lha, hs]) — E(h[ha) 1)
= tr(Cov by — E(hlha) , hs — B(hs|ha)] Cov [h — Elhs|ha) b — Elhslha)]*
x Cov [hs — Ehs|ha) , hy — E(h1|hy)] )

that is, the squared L2(2; X)-norm of the change in the state estimate is the trace
of the change in the error covariance. This fact will be used multiple times in the
proofs below.

The familiar discrete time Kalman filter equations follow directly from (3) and
(4) if hy is chosen to be the current state z; that is to be estimated, ho consists of
the old outputs [y1,...,yi—1], and hg is the new output y;.

2.3. Intermediate observations. The convergence rate estimates are based on
computing how much Z7,, can change at most (measured with the L?(Q; X')-norm)
when more and more output values y(t) are taken into account from the intervals ¢ €
((t=1)T/n,iT/n) for i = 1,...,n. In this section, it is shown how an intermediate
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measurement is taken into account. Consider the output of the system (1), dy(t) =
CeAtz dt + dw(t), which is a shortened notation for

0 :c/o A2 ds + w(t) 5)

where A and C are (possibly unbounded) operators from X to X and Y = RY,
respectively, and w is a Brownian motion with incremental covariance matrix R.

Assume we have a state estimate Z; := E(z|[{y(t1), y(t2), ..., y(t;)}) for the initial
state x, and the corresponding error covariance P; := Cov [z — Zj, x — &;]. Now the
next measurement to be taken into account in state estimation is y(t;41). Say tj+1 €
(ta,tp) for some a,b € {1,...,7} and that this interval does not contain any earlier
included measurements, that is ¢; ¢ (¢4, ) for i = 1,...,j. The new state estimate
Zj4+1 and the corresponding error covariance Pj1 = Cov [z — &j41,% — &j41] are
given by (3) and (4), respectively, if we set hi = x, ha = [y(t1),y(t2), ..., y(t;)],
and hs = y(tj41).

To get a simple representation for the covariances in (3) and (4), define a new
output

) ty— tis i —t
§:=y(tj+1) — Ty(ta) = “y(ty)-
ty — tg ty — tq

That is, § is y(tj+1) from which the linear interpolant between y(t,) and y(t,) has

been removed. By plugging (5) here, this can be written in the form § = Cz + @

where
5 Y as th—tip1 [ s tisi—ta [ 4
C:C/ eéds—Ci/ esds—i/ e ds
b th—ta Jo th—ta Jo
t; t
=C L_ﬁjﬂ/ﬁrl eAsdsfitjﬂ_ta/b e ds
ty — ta ta ty — tq tit1
and

th—tjn tit1 —la
. ).
B, W) = T wlt)

W = w(tj41) —

Since w is Brownian motion, it holds that w ~ N (0, %R) and w is
independent of the already included measurements (that is, of h2) and hence of Z;,

as well. Thus E(j|he) = CZ;,
Cov [x N (:':Z’J} = pC*,

and

(i1 —ta)(ts —tj11)
ty — ta

By (3), the new estimate Z;+1 := E(z[{y(t1), y(t2),...,y(t;4+1)}) is given by

R.

Cov [ - Ciy, 5 - Ciy| = CPC* +

-1
o (e —ta)(ts — 85 L
Fj1 =&+ PO (ijc*+(’+1 - )(t” HI)R) (y—cxj) (6)
b~ la

and by (4), the new error covariance Pj1 := Cov [z — &j41,% — Zj4+1] by

-1
I P .
Pyt = Py — P,C (CP]C* n (i1 . ),(tb J+1)R> ép,. 1)
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This will be used with ¢, —t; 11 = tj41 —ta = h, and we define

C t t+h
Ch(t)z := > (/ etz ds —/ eAxds |, for t > h > 0. (8)
t—h t

Lemma 2.2. If C € L(D(A),Y) then Cy(t) € L(X,Y). If C € L(X,Y) then it
holds that

@ Hch(t)Hg(X,y) < hHC”z:(X,y) and
2

(1) 1Ch Ol zpeayy) < % 1ALz peay,2) 1C12x,y)-
In finite dimensional case |A|zp(a) ) means plainly the matriz norm of A. In
infinite dimensional case |A|zp(a) xy =1 because D(A) is equipped with the graph
norm of A.

This could also be shown for more general C' with t, — t, replacing h in (i) and
—t.)? EPRRY
(t’“z ta) | (b t2]+1) replacing h? in (%) but that is not needed. Also, part (i)

can be made a bit better. In fact, |Ch(t)z],, < h—; I1C] £ x 3 [A%] 5

Proof. First assume just C' € L(D(A),Y). If z € X then ftt+h’ eA*xds € D(A) since

t+h 2 t+h t+h
/ e ds / ez ds A / e ds
t t x t

D(A)
2
< Wl + [ (2050 =)ol < (00 ) ol

2 2

+

X

Then |Ch (D)l z(x,y) < VB2 +4[Cllip(a) 3y

Then assume C' € L(X,Y). Part (i) of the Lemma is clear from the defini-
tion (8) since e?? is contractive. For part (i), note that Cetx € C'(R*;)) with
4 ety = CAeAta and ||CAeAzm||y < Clzze ) [Al £(p(ay,2) 12l p(ay- Then by
Bochner integral properties, C' can be taken inside the integral and thus

t t+h
/ Ce**rds — / Ce**x ds
t—h t
t t t+h s

= / (CeAt:v — / CAe dr) ds — / (CeAtw +/ CAe’"z dr) ds

Jt—h s Jt t

t et t+h s
=— / / CAexdrds — / / CAe? z dr ds.
t—hJs t t

This together with the bound for HC’AeAtxHy imply (7). O

3. CONVERGENCE RESULTS

3.1. Finite dimensional systems. We begin by showing a convergence rate es-
timate in the case of a finite dimensional system. This result could be obtained as
a special case of Thm. 3.4 below since x € D(A) holds trivially in the finite dimen-
sional state space. However, the proofs of all cases follow the same outline and in
order to convey the idea of the proofs as clearly as possible, we give a complete
proof of the simplest, finite dimensional case.
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Theorem 3.1. Let now X = R? and A € RP*P and C € R7*P (with ¢ < p) and
let 7., and £(T) be as defined above in (2). Then

E(lirn - 2(D)}) <

where M = % and P, = Cov [z — T, — E1,5].

MT3
n2

The constant M depends on n through P, which is the error covariance of the
discrete time state estimate & . It holds that P, < Py and so tr(P,) < tr(Fp).
So a strict a priori result is obtained if P, is replaced by Py in M.

Proof. The outline of the proof is as follows. First, we define the martingale &;
as in Section 2.1. That is, Z; = E(z|F;), where F; = o{y(t),t € T;} and T; =
{ti}{zl. The martingale is Gaussian and hence square integrable, and so we have
the following telescope identity for L, N € N with L > N:

E(Jor —anly) = Y E(1dm - 513 (9)

Jj=N

Second, we find an upper bound for [E(Hﬁij — Ty Hi{) using the results of Sec-

tion 2.3. Third, we prove that the sum in (9) converges as L — oo and thus Z; is a
Cauchy sequence in L2(Q; X). It has a limit in this space by completeness and the
limit must be #(T) by the considerations in Section 2.1. Also, setting N = n (we
have &, = &7.,,) and letting L — oo in (9) gives JE(uch,n - @(T)Hi().

(I) Martingale z;: Let ¢t; = iT/n for i = 1,...,n. Then &; for j =1,...,n
are the state estimates from the discrete time Kalman filter and, in particular,
Zn = 1, defined in (2). The idea is to then halve the intervals ((¢ — 1)T'/n,iT/n)
for i = 1,...,n between the already included measurements. That is, we include
n measurements y (%) for i = 1,...,n. Then we halve the new intervals

) ) ) . . i-1/2)T
((t = 1)T/2n,iT/2n) for i = 1,...,2n by including 2n measurements y (%)

fori=1,...,2n and so on.

(IT) Increment ;41 — &;: Assume that the current state estimate is Z; with
j > n, the corresponding error covariance matrix is P;, and the next measure-
ment being included is y (iT/n — 25T /n) with some i € {1,...,n}, K € N,
and [ € {1,...,2K=1}. The new stdte estimate Z;41 is then given by ( ) with
C=0C, (zT/n — 2 1T/n) — denoted below simply by Cj, — and h = 21‘ . We
are only intcrcstcd in the L*(Q; X)-norm of the increment, and as dlscusscd in
Section 2.2, it is obtained from the covariance increment given in (7):

E(1541 = 3l ) = tr (PiCi.(CaF;Ci + h/AR) 1 CuPy)

Now we wish to establish a bound for this trace. To this end recall that the norm

of the inverse of a positive definite matrix is ||Q H nnn(elg(Q))’ and thus,

1 =: %. (10)

h -1
Ox L = < - -
H (C’LPJC" + 4R> = hmin(eig(R))  h
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Using this and part () of Lemma 2.2 gives

I -1 P A -1
tr (ch;; (chpjc;; + ZLR) chﬂ) => <C’hP_,'ek., <cthc;; + ZLR) CnPjex

k=1

o
k=1
C P 2
< E(Ion >) ;E( )
< R (cn P Ch(R,) (1
3
P AP (P (12)

[ —

~ min(eig(R))

(III) Convergence: It holds that tr(P;) < tr(P,). In part (II) of the proof

we had b = 27%T/n and that bound is used for all 2X~!n new measurements

corresponding to this h. Finally, setting N = n and L — oo in (9) and using (12)
to bound the terms of the sum yields

. K-1 (P)? [CIP AP tr(P)? |CI* A T8
E(HIT’" — &)l ) Z 2 (2Kn> min(eig(R)) 6 min(eig(R))n?

completing the proof. O

3.2. Infinite dimensional systems with bounded C. We move on to infinite
dimensional state space X. Compared to the finite dimensional case, the main
difficulty arises from that the bound for Cj, in part (ii) of Lemma 2.2 utilizes the
differentiability of CeAtx and thus it holds for = € D(A). A natural assumption
that would make it possible to use this bound is that z is a D(A)-valued random
variable. This is exactly what is done in Theorem 3.4. Before that, in Theorem 3.3
we shall see, however, that a reasonable convergence estimate can be obtained with
slightly less smooth initial state x. Before tackling this problem, we present an
example illuminating the necessity of some additional assumptions.

Example 3.2. This example shows that there is a system with C € L(X,R)
such that IE(":%Tn — Q%(T)"i,) converges arbitrarily slowly where &7, and Z(T) are

defined in (2). Consider the one-dimensional wave equation with augmented state

vector,
st o1 250 e, t e RY,

z(s,0) =0, v(s,0) = z(s),

dy(t) = Cz(t) dt + dw(t)
in state space X = H}[0,1] x L%(0,1) and D(A) = (Hz[() 1]n H0 [0,1]) x H}[0,1].
The output operator C € L(X,R) is given by Cz = fo ¢(s)z(s) ds where ¢(s) =
> re cker(s) with some {ci} € 12 and {e;} is the orthonormal basis in L?(0,1)

(13)
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formed by the sine functions, that is ex(s) = %sin(lms). The initial velocity
isx = ZzozlakEQk where ap ~ N(0, ai) and ay L a; for k # 4. It holds that
IE("xH/ZY) = > o, 07 and thus this sum is assumed to converge. Then the solution

to (13) and the corresponding output are

z(s,t) = % > he ak sin(2Frs) sin(2Ft),
v(s, t) = % e ak sin(2F7s) cos(2kt),
dy(t) = % > re akcor sin(2Fnt) dt + dw(t).

Now set T' = 1 and consider the subsequence 21 o1 of the discrete time estimates,

defined in (2). As noted in the proof of Thm. 3.1, it holds that E([lé7. — #(T)[ ) =

. R 2 . . . . .
Z;’iﬂE(HxT’QHl — T oi ||X) The estimate £ i+1 is obtained from the previous

estimate 27 by including measurements y (22311) for i = 1,...,2" as described
in Section 2.3. In order to obtain a lower bound for IE(”Q?T’QH] — Tpo Hi), de-
fine C := [Cp(h), C(3h),...,Ch(1 — B)]" : X — R where h = A+ That is, C

gives the whole batch of the measurements needed for the update. Then denoting
Py = Cov [&g,91 — @, &7 — ], it holds that

-1
IE(||£T72I+1 — ':%T,W ”i) = tr (Pla* (éﬂa* + %RI) 63)

—~ 2
HC]31621+1

R2!

-1
> <613162L+1, (éPlé*+ ﬁm) 613162¢+1> > S .
4 R2! max(cig(CPlC*+ %RI))

For h = 27! it holds that Cj,(ih)eqx = 0 when I < kand i = 1,...,2" — 1 because
when computing Cj,(ih)esr by (8), the integrals are always over full periods of
the sine function sin(2¥7t). When [ = k it holds that C(ih)esr = @cgk for
every i = 1,3,...,2F — 1. So, loosely speaking, the already included output values

Y (2’271) do not carry any information on ay, for k > [. Thus Pey+1 = afHeQzH

~ 2 2
and HC’P;QW et = 2lo?, (@cw“) . For the denominator it holds by part (%)
of Lemma 2.2 that

SR h 2 h
max(eig(CHC*+ ZRl)) < ZRJrIE(HCwal) < TR+ 2RO gy t(P).

2 2
. 1 ~ A 2 4‘71+1521+1
Recalling h = 57, we finally get IE(”:L"T,QHl 1T12z||X) > TRITICT )1 (P) and
further

4 Zfilﬂ afcgl
2R+ 272 |C 2z gy tr(Po)

where there is no h-dependence and the variances {o7} can be chosen so that the
convergence is arbitrarily slow, concluding the example.

E(era -2 =

Clearly some additional assumptions are needed for getting any convergence
rate estimates. In the following theorem, the initial state is assumed to be so
smooth that the covariance operator satisfies Py € L(X,D(A)). The problem here
is that | 7| £(x,D(A)) 15 nOt necessarily decreasing as more measurements are taken



DISCRETE TIME KALMAN FILTER CONVERGENCE 11

into account. Thus the convergence speed estimate has to be based on the initial
covariance Fy.

Theorem 3.3. Let &7, and Z(T) be as defined in (2) and assume C € L(X,))
Assume x ~ N(m, Py) where the covariance operator satisfies Py € L(X,D(A))
Then

. N MT?
E(Jirn - #(DI%) < =

2t (P Pol £ 2. pan IC12 39
where M = min(eig(R))

and P, = Cov [x — &1, T — T ).

Proof. The main idea of the proof is the same as in the proof of Theorem 3.1 and
we note that every step taken until equation (11) in that proof can be taken in the
infinite dimensional setting as well — p just has to be replaced by oo in the sums
but this does not cause any problems.
So we pick up from (11) and note first that
tr (ChP;Cy) < a[ChPiCyl o) = 4 sup (v, Cu P Cry)y,
yly=1
=q sup (Cry, PiCpy)» < q sup (Cry, PoCry)x = ¢ [CrPoCiill £ (3
lyly=1 lyly=1

where ¢ = dim(Y). The inequality P; < Py was used in X, but now the L(X, D(A))-
norm can be used for Fy. Then using both parts (i) and (ii) of Lemma 2.2 gives

« }LS 2
"ChPOch "L(y) < 9 "C"L(X,y) HPOHL(X,D(A)) :
As before, this leads to an estimate

. 2 ate(Pa) [Pol e may IC1 2 ey T2 MT?
E(Jern - #(D)) < oo, ~
min(eig(R)) n n

completing the proof. 0O

Checking the assumption Py € L(X,D(A)) might be difficult. Under the stronger
smoothness assumption z € D(A) almost surely, we get the same convergence rate
as in the finite dimensional case:

Theorem 3.4. Make the same assumptions as in Theorem 3.8. Assume, in addi-
tion, that x € D(A) almost surely. Then

E(lorn - a(T)}) <

tr(Pn)tr(APnA*)Hc”%(X.y)
6 min(eig(R))

MT?
2

n

where M = and P, = Cov [x — Zrp, T — T ).

Proof. The proof is the same as that of Theorem 3.1 but from Eq. (11) we proceed
differently. It holds that

tr (ChBiCR) < tr (CuPaCi) = E(ICk(w — 27.0)13)

4

< 1O ey B(14G — 0% )
where the last inequality holds by part (%) of Lemma 2.2. The term is finite by
Proposition 2.1 and Fernique’s theorem. Further, it holds that IE(HA(x — &1m) HQX) =
tr(AP, A*). Now the result follows as above. d
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3.3. Unbounded observation operator C. We proceed to prove a similar result
for systems with unbounded observation operator C'— provided that A is (unitar-
ily) diagonalizable. The proof is quite similar to that of Theorem 3.3. Again the
main difference is how we proceed from (11). To get a useful bound for tr(Cj, P;Cj),
some assumptions on C' and the spectral asymptotics of A are required.

Theorem 3.5. Let &1, and 2(T) be as defined above in (2). Denote by {ux + i\ } ey
the spectrum of A ordered so that |px + iAg| is non-decreasing and let {ex}re, C
D(A) be the corresponding set of eigenvectors that give an orthonormal basis for X.
Make the following assumptions on x, A, and C':

(i) z € D(A) almost surely;
(i) pr <0 for all k, and there exists 6 > 1/2 such that

lim |k +iXe] [ O when B> 6,
koo k T oo when B<6;

(iii) There exists v € [0,1) such that 2y +1/6 < 2 and
Ce
1y
ke 4 iAe]Y
Then the following holds:
o Iflimy oo PEFAL — T e (0, 00), then

A P MT3=27-1/8
E(lern —#(DI}) € =

where the constant M is given below in (15).
o [f either this limit does not exist, or it is 0 or co, then for all € € (0, 6 — ﬁ)

. . 5 M€T372771/(5+6>
E(lorn - #(Dlx) < =560
where the e-dependent constant M, is given below also in (15) but with

different, e-dependent parameters (see the last paragraph of the proof).

For example, 1D wave equation on interval [0, L] with Dirichlet boundary conditions
in the natural state space where some pointwise value of the state is observed,
satisfies the assumptions of the above theorem with 6 = 1 and 7 = 0. The limit
of WLICM’C‘ as k — oo exists and it is I' = 5-. This would imply convergence rate

2L
E(Jorn — (D)l < 42,

Proof. Assume first that limy_, o ‘“kjif)"c‘ =T € (0,00). Note that assumption
(i) with Proposition 2.1 and Fernique’s theorem imply that IE(HA:cHiJ < 00. De-
noting @ = &1, + Y pe; Qiek, this condition can be expressed as IE(HAiTn"?X) +

E(Ziozl |per + i/\k|2a%) < oo. Again the proof proceeds exactly as the proof of
Theorem 3.3 until Equation (11).
As in the proof of Theorem 3.4, note that tr(C,P;C}) < tr(ChLP,Ch(t)*) =

E<"Ch($ - if?Tn)H§1> . Then

oo t t+h
Ch(z — i‘T,n) = Z % (/ e(HkTiAR)s g o 7/ e(ukJrz)\k)st) Cey. (14)
t—h t

k=1
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For the term inside parentheses, we have

t t+h
/ elrrtide)s g / ek tide)s go
t—h t

since pr < 0. On the other hand, computing the integrals yields

t t+h
/ eltrtire)s ge / e(hrtide)s g
t—h t

Now the idea is to bound the sum in (14) by using the first bound for small & and
the latter for large k. Define the index n(h) := [h~1/%] for splitting the sum to get

ie<llk+i)\k-,)5
S

< h2sup
5>0

= h2| s + i),

4
<
[k + Ak

n(h)

N || . 2 S 2
ICh(z = 21|y, < Z N ICekly |k + iAklh* + Z la| [Cexly, e + il
k=1 k=n(h)+1
=:(I)+ (I1).
We then proceed to find upper bounds for the two parts. Using Cauchy-Schwartz
inequality and denoting I' := sup,, Im:j;hl gives
e, ) V2 1 1/2
()<< > i |Cexl [ + id > >k + i
k=1 k=1
1/2
h?fvy W 276 /
<=M >k
k=1
_ n(h) 2 2 Sy [2—2 1/2 P
where M = et % [Cerly, [ + iAk]* 7 . The sum inside the parentheses

can be bounded from above by the integral f"<h)+l 270 dg to get

0

B2
HN<—M h) + 1)2v6+1
() < 5 M/ () + 1)
30T Sy

M3 < B s

R —
T 2vV290+1

where the last row follows from the facts that
V() + 12001 < \J(h1/5 4 22ve4t = (1 2n VPR < 3P

if h <1, and that 276 + 1 > 1. 5 i
For the second part, assume |p + i\;| > Tk for k > n(h) 4+ 1 where I' = 0.9T
for example. Again, using Cauchy-Schwartz inequality yields

1/2 1/2
o0 o0
. _ 1
(n <2 Y afl|Cexly |+ i~ > T
k=n(h)+1 k=n(h)+1 |k + i
1/2

oo

2 1
< T2 Mi1 Z L(d—27)5
k=n(h)+1
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1/2
where M;; = (Zzozn(h)H a2 |Cexl3, | + i/\k|2_27> . Now the sum inside the

parentheses can be bounded from above by the integral f;(cm x(4f21) sdx. Note that
our assumptions on v and § imply (4 — 27)d > 2. So we get

(1) <

2M;; 1 V2 g N
. < My h>
r2-7/(d—27)5 — 1 (n(h)“*“”’l) S

where in the last row we have used n(h) > h=1/9.
Combining the bounds gives

E(ICh( — dra)ly) < 2B((1)? + (I1)%)

912y 4 o
< 2(M} + M7;) max (4, M) pA-2v-1/8

|Cexl 9127 4
< QIE( Az — drp 2) Y = pA-21-1/8
< 1Az — 220l 8Up P ER max 4 ' T4-2y

2
_. . 2 |Cerly 4-2y-1/5
= 2ME (1A — )l ) sup =

where we have used

o] o] 2
o . ICel
M7+ M7 =" o} [Cerly |+ iM* 727 <D |un + i |*af sup %
= = PRI 2]

Note that we assumed that we could choose for example I' = 0.9T'. In some

sense this is not our choice but we need to make sure that the “original” h = % is

small enough so that n(T'/(2n)) = (%”)1/6 is such that there exists I" > 0 for which
Ll > T for k > n(T/(2n)).

To finish the proof, we continue as in the proof of Theorem 3.3; that is, we
conclude

1
tr <P]C;; (CthC;: + %R) Chpj)

|Cexl
< 2CgMotr(Pp)tr(AP, A*) sup —————
< 2CrMotr (P, )tr( )*‘;P Ik + ik 27

where P, = Cov [z — &7, 2 — &1,,]. Now doing the same summation as before in
part (III) of the proof of Theorem 3.1, it follows that

p3-2v-1/8

. . 2 nCrMy X
IE(":(:TW —z(T) HX) < mtr(P,L)tr(APnA )sgp m

n

ICexl3 (T)HH/‘s

completing the proof in the first case with constant

* Cerl? 512y
v = Crtr(P)tr(AP,A") |Cexl3 maX(gr 4 ) 15)

92-2-1/5 _ 1 WP [ + |2 4 a2y

where Cr = 4/ min(eig(R)) is defined in (10).
In the case that limy_ “““;:75”\” is 0, 0o, or it does not exist, some modifications

are required to the bounds of (I) and (I7). In the bound for (I), 6 needs to be
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replaced by 8 + € and then I'; = sup, M < 00. In the bound for (I7), § needs

|M +1)\h\ > 0. O

to be replaced by § — € and then I'. = 1nfk>n<h)+1

The assumption (%) in the theorem differs from our minimal assumption C' €

L(D(A),Y) which is equivalent to {Iﬂf—j—ﬂ%l} € 12 for unitarily diagonalizable A.
It is possible to construct a system for which C' € £(D(A),Y) but (iii) does not

hold.
Remark 3.6. Theorem 3.5 can be extended to v < 0. In that case, when deter-
mining the bounds for (I) and (1), the computations are carried out as if v were

zero. This eventually leads to a bound ]E(HiTn - i(T)Hi) < Agi/lg/ °. Note that

if assumption (ii) holds for v < f% then C' is actually bounded.

There is no assumption on the diagonalizability of A in the following theorem.
Unfortunately, the obtained convergence rate is not very impressive.

Theorem 3.7. Let &7, and Z(T) be as defined above in (2). Make the following
assumptions:

(i) = € D(A) almost surely;

(ii) The orthonormal basis {e.} C X is such that e € D(A?) for every k € N
and there exists 6 > 1/2 such that for x = Zzozl aier the norm given by
V>one, k2002 is equivalent to the D(A)-norm and \/Y_p; k%a? is equiv-
alent to the D(A?)-norm;

(ili) The system is well-posed in the sense that HC€A(.>‘T”L2((O,T);31) < Hr ||,
for some Hy > 0.

Then o 1/28
X R M(T) T2
E(lirn - #(T)I) < = o7m—

. Crtr(Pp)tr(AP, A 326+1T”CH2£ D(A),Y H
with M(T) = =& él 3/265 T >max( 574 L e ) where Cp =

is defined in (10) and P, = Cov (v — &7 5, — T p].
Proof. In this proof, the aforementioned norms are used in D(A) and D(A2). We
need to utilize the global outpAut bound ||CeA(')xHL2 0.7):3) < Hr |z] 5. To th1s
end, define a stacked operator Cy, := [C,(h), Cp,(3h), ..., Ch(T—h)]T for h =275 T
mapping to a product space y2’”". This operator is used to add a whole batch
of intermediate measurements at once as was done in Example 3.2. Below [ai} f\i
is used to denote an augmented vector with components a;.

Otherwise the proof proceeds similarly as the proof of Thm. 3.5 but the sum
n (14) is split using the index n(h) = [h=1/?9] to get Hah(x — Z7.m)
(I) + (II) where

1

y2K-in —

n(h) a (2j—1)h 2jh 27n
(1) = Z — |C / eMepds — C eMep ds
= 2 J@j-2)n (2j-1)h i

y2K—1n

1/2

n(h) n(h) n(h)
af
S 21O oy K < T O oy | S K02 ) (D0
k=1

k=1

4
min(eig(R))

1/2
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where the first inequality is obtained by bounding the derivative of Cee“te;, by

d
%Cemek

N <ICleay ) lerlpiazy = IC1cpiayv) K

and using the same argument as in the proof of part (i) of Lemma 2.2 and noting

that 26-1n = % For the remaining part it holds that
< (2i—1)h 2ih 2
(I1) = Z — C/ eMepds — C etoey ds
k=n(h)+1 (2i-2)h (2i-1h =1 ||yer-1,
1/2 1/2
o0 o0 o0
|| h 25 2 25
< > = V2hHr <4\[SHr > k¥a} k
k=n(h)+1 k=n(h)+1 k=n(h)+1
since it holds that
(2i—1)h 2ih 27
C/ eMepds—C eey ds
(2i-2)h (2i—1)h =1 yexn
oK -1, 2%h 2 1/2
o N R ) e
= 2i—2)h '

where the last inequality follows from Cauchy-Schwartz inequality. Finally, the re-
sult is obtained by proceeding as in the proof of Thm. 3.5 and doing the summation
over K =1,2,.... 0

The theory of well-posed systems has been extensively studied. A comprehensive
treatment can be found in the book [20] by Staffans. One good example of systems
that satisfy assumption (iii) is provided by scattering passive boundary control
systems, see the article [15] by Malinen and Staffans. This condition is also known
as admissibility of the output operator C, introduced in [24] by Weiss.

3.4. Analytic semigroup e“*. In this section we show the convergence estimate
when A is the generator of an analytic semigroup. One result is first shown without
additional assumptions for bounded and unbounded observation operator C. Then
we assume further that —A is a sectorial operator in X which enables us to treat
non-integer powers (—A)” for n > 0. An example of such case is provided by heat
equation treated below in Example 3.10.

An important tool here is that for analytic semigroups it holds that

c(k)

|A%e* ] £ x) < 0 t>0,kEN (16)

(see |22: Theorem 3.3.1]). This gives

) 122 /peay 1C 2 cx ypia) )
t—h 2
For t = h, we can use part (i) of Lemma 2.2.

|Ch(t)aly < R tsh ()

Theorem 3.8. Let &1, and &(T) be as defined above in (2). Assume A is the
generator of an analytic and contractive Cy-semigroup and assume either

(i) C e LX), or
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(i) C € L(D(A),Y) and x € D(A) almost surely.

Then MT
- A 2

E(Jorn - #(D)%) < = -

where M = Crtr(Po) [C13x/p(a).9) IE(”:E —drn

Cov [z — &,z — E1p]-

n
2 c(1)?7?
‘X/D(A)) (1+ —(9)6 ) and P, =

Proof. The proofs for the two cases are identical so only the case (i) is presented.
In the second case just replace X' by D(4) in |z|y and |C| .y 3

As many times before, the proof is based on finding an upper bound for
E(||Ch(t)(1 - Q%Tn)\@) The difference to earlier proofs is that here we use (17)
and the ¢-dependence of the bound has to be utilized. Because of this, it is not
possible to just multiply a bound found for certain h = % by 25~1n as has been
done above but instead, we need to calculate and add up all bounds separately,
that is, compute

K-1
Crtr(P, r " N
CntP) S B (jont) @~ #ra)B) . = @Dk b= o (18)
=1
and sum these up for K = 1,2,.... For I = 1, we use |Ch(h)(z —21n)], <
h”CHL(X#y) |z — 275, from part (i) of Lemma 2.2. For [ > 1, we use (17) to
obtain

CRtrTU’n) > E(ICht) @ = ira)l})

=1

e(1)? 2K =11
< Crtr(Pn) ”C"i(x,y) E(Hﬂc - anHig) 1+ 16 /5% | h
j=1
2 2 c(1)?m?
< Crtr(Po)* [C] 2 x y) (1 + 96 h.
Now summing up over K = 1,2,... completes the proof. O

Then one more case is treated where A is as before and, in addition, —A is
a sectorial operator, see [2: Section 3.8] for definitions. Then it is possible to
define non-integer powers (—A)"” where 7 € R and spaces D((—A)") equipped with
the corresponding graph norm. Also (16) holds then for non-integer x > 0 if A is
replaced by —A, see [22: Thm. 3.3.3]. In particular, if A is strictly negative definite,
then it is sectorial. This type of systems are also studied in [5] and [7].

Theorem 3.9. Let T, and Z(T) be as defined above in in (2). Assume A is the

generator of an analytic and contractive Cy-semigroup and, in addition, —A is a

sectorial operator. Then assume C € L(D((—A)"),Y) and x € D((—A)") almost
surely where v € R and n € R are such that |n — v| < 1/2. Then!

. . 5 A1T1+2(r]71/)

E(H?L‘T.n - l‘(T)Hx> < S Tme

where M is given below in (20).

LThis result extends to 1 — v = 1/2 in which case the convergence rate is O(T?n =2 Inn).
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Proof. This is done exactly as the proof of Theorem 3.8 above. Just the bounds
for |Ch(t))(z — #1,n)|,, in the summation (18) are computed differently. To begin
with, we note that we get from (16) with non-integer K =1 —n + v,

R N c(l=n+v
[CAe™ (x — xTﬂl)“y S NCl o= ayyp) Iz — ITyTLHD((_A)n)tlfﬁ,,,)' (19)

When treating the term with [ = 1 in (18), the cases v > 7 and v < 7 have to
be considered separately. First for v > 7,

||CeAt(x - oAcTﬂ,,)||y = HC(fA)f”(fA)”f”eAt(fA)"(a: - i’T,n)”y

. (v —n)
<ICle(—ayy) 12 = 2rnlp(-ay o

Then for n <v <1+,

2h
. . 1
I1Ch(h)(z — J/’T,n)"y < ‘|C”£(D((7A)V),y) |z = &1n HD((fA)n) c(v—n) /O —n ds

) =) o 1
<IClz o= ayy e = 21l p—aym m(%) M
For v < n <1+ v, one can show a similar bound by the same technique that was
used in the proof of part (ii) of Lemma 2.2. Instead of bounding the derivative
norm HCA@A%H y by a constant, using (19) gives a bound

|Cr(R) (2 = Z1.n)y,
c(l—n+v)2ttn—v 2
n—v 1+n—-v

. 4In2¢(l—n+v)
S~ a0 1o = Ernlpayy ==

S1Cle( -y 12 = 2nlp - apm Y

h1+7yfl/

To cover I > 1 in (18), we use (19) to get

K—1
Crtr(Py,) r R 2 14+2(n—v)
S E(ICh W) @ = ara)l) < Mokt

where M is gathered from the used inequalities. Finally summing over K = 1,2,...
yields the result with

. 2
IE(II:C - iETAVn"D((—A)")>
21+2(n—v) _

22*2(77*1’)
1*2(77*V))

2
M = Crtx(Po) [Cl (- ay»),3)

X (J‘/Iv,n +c(l—n+v)

where we have used z;il jz+z<1u—n> > f:g&:z; and the term with [ = 1 gives
16(In2)%c(1—n+v)? .¢
e e R
]VL/’" = 22+2("J—V)C(V,n)2 .
et ifn<v

and P, = Cov [z — &1, — Z7,0]. O
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Example 3.10. Consider the 1D heat equation

2 2(a,t) = %;z(q:,t), x € [0,1],
2(0,t) = z(1,t) =0,

z(z,0) = zp,

dy(t) = 22(0,t) dt + dw(t)

with state space X = L2(0,1) and D(A) = HZ[0,1]. Assume zp € D(A) almost
surely. Now the spectrum of A is {—m2k?} and the corresponding eigenvectors are
ey = sin(mkx). Then it is easy to see that the assumptions of Theorem 3.5 are
satisfied with § = 2 and v = 1/2 and thus the theorem implies convergence rate
O(n=1/?) for #7,. Clearly Theorem 3.8 implies convergence rate O(n~') but we
can do better.

Denoting z = Y ;7 | arer we have HZHZD(FA),) = >0, k™a?. For the output it
holds that

oo

Zﬁkak < ’TZ Jlte Z k3+€0‘i

k=1 k=1 k=1

from which it can be deduced that C' € L(D((—A)"),Y)) for v > 3/4. Now Theo-
rem 3.9 implies convergence rate O(n=3/2+¢) for Z7, with € > 0 — of course, with
a multiplicative constant that tends to infinity as € — 0.

C2|* =

4. DISCUSSION

Since the implementation of the discrete time Kalman filter is straightforward,
it is a tempting choice for state estimation for discretized continuous time systems.
As the temporal discretization is refined, the discrete time state estimate converges
pointwise to the continuous time estimate in L2(2; X'). In this article, we derived
convergence speed estimates with various assumptions on the system. With infinite
dimensional systems even with bounded observation operator, some smoothness
assumption on the initial state is needed for obtaining any convergence speed es-
timates. This was demonstrated in Example 3.2. Possible additional assumptions
are (i): for the initial state covariance it holds that Py € L(X,D(A)); or (ii): for
the initial state it holds that « € D(A) almost surely. In the latter case we obtained
the same convergence speed estimate as for finite dimensional systems.

In the case of unbounded output operator, some additional assumptions were
needed, including a slightly nonstandard assumption on the output operator (as-
sumption (%) in Thm. 3.5). In the problems arising from PDEs on one dimensional
spatial domains, this is not a big problem but unfortunately with more complicated
systems, finding a suitable « might be close to a mission impossible. The spectral
asymptotics, on the other hand, is an extensively studied field — so much so that
it has even been a subject of a few books, such as [14] by Levendorskil and [17] by
Safarov and Vassiliev.

Some of the major topics that would require further work are adding input
noise to the system and accepting infinite dimensional output space. With input
noise, one should at least establish the sufficient “smoothness of the state”. Also,
the technique used here, based on taking into account more and more interme-
diate output process values, would become significantly more complicated. For
what comes to the dimension of the output space in the results of this article, the
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output space dimension ¢ does not appear explicitly in the convergence speed es-
timates, except for Thm. 3.3. However, in the proofs we need an upper bound for

(C;,,P:C* + ER)_I and thus, in order to obtain (10), we made a coercivity
i“h T g £

assumption R > el > 0 which excludes infinite dimensional output space since R
is required to be a trace class operator.

Two more topics that are not covered by this article are the long time behaviour
as T'— o0, and using some approximate time integration scheme for taking the time
step. When T grows, the error covariance converges under some assumptions on the
observability of the system. When there is no input noise, the limit is 0. Of course,
the observability of the continuous time system does not imply the observability
of the discretized system. In the case where there is input noise affecting the
system, the error covariance limits are obtained as the solutions P; and P. of the
corresponding discrete or continuous time algebraic Riccati equations, respectively.
Then it holds that limn e IE(Ha%nAm — #(nAt) \|§() = tr(Py— P,) where &, ¢, and

Z(nAt) are defined in (2). Finally, further research would be needed to study the
error caused to the state estimate if some numerical time integration scheme is used
for computing the discrete time update, that is, e42 is not computed accurately.
A similar problem is addressed in [3] and [23], but they are mainly concerned with
the stability of the resulting filter.
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SPATIAL DISCRETIZATION ERROR IN KALMAN FILTERING
FOR DISCRETE-TIME INFINITE DIMENSIONAL SYSTEMS

ATTE AALTO

ABsTrACT. We derive a reduced-order state estimator for discrete-time infi-
nite dimensional linear systems with finite dimensional Gaussian input and
output noise. This state estimator is the optimal one-step estimate that takes
values in a fixed finite dimensional subspace of the system’s state space —
consider, for example, a Finite Element space. We then derive a Riccati differ-
ence equation for the error covariance and use sensitivity analysis to obtain a
bound for the error of the state estimate due to the state space discretization.

1. INTRODUCTION

In this paper, we consider the state estimation problem for infinite dimensional
discrete time linear systems with finite dimensional Gaussian input and output
noise. The objective is to find the optimal one-step state estimate from a given
subspace of the original state space (for example a Finite Element space). We shall
also find a bound for the error due to the spatial discretization to the state estimate
at the infinite time limit.

The dynamics of the system under consideration is given by

xp = Ax_1 + Buy,
(1) yr = Cxyp, + wy,
Lo ~ N(m7 SO)

where z, € X, A € L(X), B € L(C9,X), and C € L(X,C™). The state space X is
a separable Hilbert space. The noise processes are assumed to be Gaussian, uy ~
N(0,U) and wy, ~ N(0,R) where U € R7*? and R € R™*™ are positive-definite
and symmetric. It is also assumed that w, w, and xy are mutually independent,
and the noises at different times are independent.

When measurements y; for j = 1,...,k are known, the state estimate 3 min-
imizing the conditional expectation IE("ik — T \|§( ’{yj, j=1, k}) is given by
2 = E(zk|[{y;, j < k}). In the presented Gaussian case, the conditional expecta-
tion Zj can be computed recursively from Zj_; and yi. This recursive scheme is
known as the Kalman filter, originally presented in [12] in the finite dimensional
setting. For infinite dimensional systems, the generalization is straightforward and
it can be done, for example, using the presentation by Bogachev [4: Section 3.10]
or the more explicit presentation [14] by Krug. Let us present a short introduc-
tion. It is well known that linear combinations of Gaussian random variables are

2010 Mathematics Subject Classification. 93E11, 93E25.
Key words and phrases. Kalman filter, infinite dimensional systems, reduced-order filtering,
spatial discretization, optimal estimation, Riccati equation.
1
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also Gaussian random variables. Further, if il ~N(|™ , Pl*l Piy where
hz mo P12 PQ‘Z

h1 € X and hy is finite dimensional, then

(2) E(h1|h2) = m1 + Pra Py (ha — ma)

and

(3) Cov[hy — E(hy|h2), b1 — E(h1|he)] = P11 — Pia Py Ppy.
Remark that Cov [E(hy|he),E(h1|he)] = PiaPsh Pjy so that in fact,
(4) Cov [hy — E(h1]h2) , h1 — E(h1]h2)]

= Cov [hl, hl] — Cov [E(h1|h2) ,E(hl‘hg)] .

Applying (2) and (3) to the jointly Gaussian random variable [z, y1, ..., yx] and
the block matrix inversion formula
(5) [ P G]flz [F’1+F’1G(H7(7}TF:lG)’lthF’l —F’IG(H—GTF’iG)’l]
G" H —(H-GTFlg)"'¢gTF? (H-GTF~ta)~!
to Pag =Cov [[y1, .-, Yk, [Y1, -, Yk]] eventually leads to the full state Kalman filter
equations

(6) Bp = Adg 1 + K (yp — CAdy 1)

where K ,(CF) for k =1,2,... are called Kalman gains, and they are given by K ,(CF) =
IE’éF)C*(CPIEF)C* + R)™!, and the Riccati difference equation (RDE)

@ B = AP") A* + BUB,

p" = pi" — pMcrcBM e + Ry op.
Here P,gF) = Cov [z, — T, Tk — Tk] is the (estimation) error covariance and INDk(,F) =
Cov [z — E(zk|[y1,s s Yk—-1]) s Tk — E(xk|[y1, ..., ye—1])] is the prediction error co-
variance. The initial values are o = m and Pém = Sp. The superscript (F)
refers to full Kalman filter estimate and it is used for later purposes.

Numerical implementation of the Kalman filter to infinite dimensional systems
requires discretization of the state space. If the implementation is then carried out
directly to the discretized system, the result is not optimal. In particular, if the
state estimation is performed online, the restrictions in computing power might
prevent using a very fine mesh for the simulations. In such cases it is beneficial to
take the discretization error into account in the state estimation. The purpose of
this paper is to derive the optimal one-step state estimate that takes values in the
discretized state space, and to analyze the discrepancy between the proposed state
estimate and the full state Kalman filter estimate.

We tackle this task in Section 2 by first fixing the structure of the filter in (8).
In the spirit of Kalman filtering, we require that the &*® estimate depends only
on the previous estimate and the current measured output yi. We then find the
expression for a filter with such structure. The rest of the paper is organized as
follows: In Section 3, we derive a Riccati difference equation for the estimation error
covariance for the proposed method. Compared to (7), this equation contains an
additional term due to the discretization. In Section 4, we use sensitivity analysis
for algebraic Riccati equations — developed by Sun in [23] — to determine a bound
for the error due to the discretization at the infinite time limit. In short, it is shown
that when the approximation properties of the subspace improve at some rate as the
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spatial discretization is refined, then the finite dimensional state estimate converges
to the full state Kalman filter estimate at least with the same convergence rate. In
Section 5, the proposed method is implemented to one dimensional wave equation
with damping, and the result is compared with the Kalman filter that does not take
into account the spatial discretization error.

The “engineer’s approach”, i.e., the direct Kalman filter implementation to the
discretized system is studied in [1] by Bensoussan and in [7] by Germani et al. The
latter contains a convergence result for the finite dimensional state estimate (in
continuous time) with a convergence rate estimate. They also show convergence
of the solutions of the corresponding Riccati differential equations in the space
of continuous Hilbert-Schmidt operator-valued functions. A method where the
discretization error is taken into account is proposed by Pikkarainen in [17]. Their
approach is based on keeping track of the discretization error mean and covariance.
Then with certain approximations on the error distributions, they too end up with
a one-step method that is numerically implemented in [11] by Huttunen and Pik-
karainen.

Our method is very closely related to the reduced-order filtering methods that
have been studied since the introduction of the Kalman filter itself; see e.g., [2; 3;
19; 20; 22|. The articles by Bernstein and Hyland, [2; 3] yield a state estimator
similar to ours for continuous time. They obtain algebraic optimality equations
for the error covariance and Kalman gain limits as the time index & — oo, in
terms of “optimal projections”. Our solution is somewhat more straightforward,
and we obtain the error covariances and Kalman gains for all time steps. A similar
method is developed by Simon in [19] with a more restrictive assumption on the
filter structure. For a more thorough introduction and review on the earliest results
on reduced-order filtering techniques, we refer to [22] by Stubberud and Wismer
and to [20] by Sims.

Infinite dimensional Kalman filter has numerous applications. The practical
application that motivated the paper [17] is the electrical impedance process to-
mography, studied by Seppénen et al. in [18]. Infinite dimensional Kalman filter
implementation to optical tomography problem can be found in [9] by Hiltunen
et al. Quasiperiodic phenomena is studied by Solin and Sérkké in [21] using the
infinite dimensional Kalman filter. They use a weather prediction model and fMRI
brain imaging as example cases. The numerical treatment is done using truncated
eigenbasis approach instead of using FEM as in the example of this article.

Notation. We denote by L£(X;, X2) the space of bounded linear operators from X; to
Xo, and L(X) = L(X,X). The subspace of self-adjoint operators in X is denoted
by £*(X). The spectrum of an operator is denoted by &(-). The sigma algebra
generated by a random variable (or random variables) is denoted by S(-). The
Moore-Penrose pseudoinverse of a matrix 7" is denoted by 7'F.

The covariance of square integrable random variables z; € X} and z2 € Xs is
the operator in £(Xs, X;) defined for h € Xy by
Cov [z1, 2] h := E((21 — E(z1)) (z2 — E(22), B)x,)-

2. THE REDUCED-ORDER STATE ESTIMATE

Let II; : X — X be an orthogonal projection from the state space X (a separable,
complex Hilbert space) to an n-dimensional subspace of X' (e.g., a finite element
space). Assume we have a coordinate system in C™ associated to this subspace,
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such that the inner product is preserved, and denote by II : X — C™ the represen-
tation of the projection Il in this coordinate system. That is, (ILsz1, ILsxe), =
(zq,Mze) e, for x1,22 € X. Then it holds that IIIT* = I € C"*™ and II*II = II,.

Finding an exact solution to the estimation problem of the finite dimensional Iz},
would require solving the full state Kalman filtering problem and then projecting the
estimate by II. This, of course, doesn’t make much practical sense. As mentioned
above, we want to find the optimal state estimate Zj in II; X’ that can be computed
from the previous state estimate Zr_; and the current measurement yi. More
precisely, we want to obtain Zj’s satisfying

@ {:ﬁo = IIm,

T = HE(‘Tku’k—l-, yk) s k>1,

where zj, satisfy (1). One thing to notice here is that in contrast to the full state
filtering, the conditioning is not done over a filtration, because — loosely speaking

we lose some information when we only take into account the last measurement
and the last estimate of the state projection. Without loss of generality, we may
assume that m = 0 (see Remark 2.1). Note that this also implies E(z)) = 0 and
further, E(2;) = 0 and E(y) = 0 for all k > 1.

We then proceed to find a concrete representation for Zy. From (8) it can be
inductively deduced that [zg_1, Zx—1] is Gaussian and from (1), also [z, Tx—1, yk] is
Gaussian. The reasoning leading to the full state Kalman filter equations utilizing
equations (2) and (3) together with the block matrix inversion formula (5) can be
generalized for any Gaussian random variable [hy, ho, hs] with h; € X, and he and
hgs finite dimensional, to obtain

(9) ]E(h1|h2, h‘g) :]E(h1|h2) + Cov [hl — ]E(hl‘hQ) s h3 — ]E(h3|h2)] X
x Cov [hg — E(hg|h2) , hs — IE(h?JhQ)r1 (hs — E(hs|h2)).

The corresponding equation can be obtained for the covariance operator. The full
state Kalman filter equations (6) and (7) are obtained by applying (9) to hy = z,
ho = [y1, .-, Yk—1), and hg = yi. In what follows, we obtain Z; by applying (9) to
hi1 =z, hg = T—1, and hz = y;.

Since m = 0, there exists an operator Qr_1 € L(R", X) such that

(10) E(xr—1|k-1) = Qr—1T—1
and the (estimation) error covariance
(11) Py :=Covrp_1 — Qr_1Tp—1,Th—1 — Qr—1Tx—1] -
Using these we can make an orthogonal decomposition of the state
Th—1 = E(zp—1|Zr—1) + (@r—1 — E(@p—1]Zr-1)) =1 Qk—1Tx—1 + vk—1
where vg_1 ~ N (O,Pk_l) and it is independent of the estimate Zj_;. Together

with (1), this gives decompositions for the state x) and output y:

(12) {M = Azp_1 + Bup = A(Qr—1Zx—1 + vp—1) + Buy,

yr = Cxp, + wy, = C(A(Qr—1Tk—1 + vp—1) + Bug) + wi

from which one can deduce E(zy|Zr—1) = AQr—1Zx—1 and E(yg|Tr—1) = CAQr—1Tk—1.
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Then we need the two covariances in (9). To this end, define the prediction error
covariance for which we get a representation from (12),

(13) By := Cov[zy — E(xx)Zx_1), xx — E(xr|Er_1)] = APy_1A* + BUB".
Using the two equations in (12), we get
Cov [zx, — Ewk|Ex—1) , yr — E(yslZr-1)] = PC*
and the covariance of output prediction error from the second equation in (12)
Cov [yr — B(yk|Zx—1) , yx — E(yx|Ex-1)] = CPC* + R.
Now we have all the components for obtaining 5 by (9),
(14) E(xk|Zr-1,yx) = AQ—13k_1 + P,C* (CP,C* + R)il(yk— CAQp_15x_1).

=K}

It remains to compute the error covariance Py, defined in (11), and the operator
Qy. defined through (10). By (4), Py is given by

Py = Sy, — QrSkQ;,

where Sy, = Cov [z, zx] is the state covariance and S = Cov [Tk, Zx] is the state
estimate covariance. The state xj is a linear combination of mutually indepen-
dent Gaussian random variables x;_1 and uy and so S can be obtained from the
Lyapunov difference equation

(15) Sk = ASy_1A* + BUB*
and the first one, Sp, is the initial state covariance in (1). Also, by (12),
(16) Y — CAQi—174—1 = CAvy + CBuy +wy, ~ N(0,CP,C* + R)

where vg, ug, and wy are mutually independent and also independent with the
state estimate Z;_1. Thus, by (14), also Sy, is obtained from a Lyapunov difference
equation,

(17) Sy = MAQp—1Sk-1Qj_ AII* + 11K, (CP,C* + R)(I1K},)"
with Sy = 0.

By (2), Qy, is given by
(18) Qi = Cov [LL’]m ff?k,] Sk_l

The case when Sy, is not invertible is discussed in Remark 2.2. The cross covariance
operator Vi, := Cov [z, Tx] in (18) can be computed by “anchoring” z; and #j to
Zk—1 using equations (12) and (14) and the fact that Avi_1 + Buy ~ N(O7 Pk).,

Cov [z, #1] = AQ) 1S4 1Q}_ A*TI* + B,C* (CP,C* + R) ' CPIT".

It is worth noting here that Sj, = IICov [z, &) implying the intuitive fact, IIQy = I
in the case that S’k is invertible.

Let us conclude by presenting some remarks concerning the derivation of the
reduced-order state estimate and then collecting the relevant equations to an algo-
rithm.
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Remark 2.1. The assumption m = 0 does not restrict generality, since we can always
always add ITA*m to &) and subtract CA¥m from yy in (12). However, this is how
to make the derivation accurate. In practical implementation, it is reasonable to
just start the state estimate from o = IIm and then proceed as described.

Remark 2.2. If ), is not invertible, it means that R(Sk), the range of S’k, does
not cover the whole space C". The estimate Zj lies on R(S)) almost surely. Thus
Q. is not determined uniquely in this case. By imposing additional requirements
IQr = I and (I — HS)Qk!R(Sk)L = 0 then @y is uniquely determined and it is

given by Q = Q + (I — HQk) =1+ (I- HS)Qk where Qj, = Cov [k, Tk 5”]‘;

Algorithm 2.3. As with the full state Kalman filter, the following operator-valued
equations can be computed beforehand (offline):

Sk = ASp_1A* + BUB",

B, = AP,_, A* + BUB*,

Ky = B,C*(CB.C*+ R) ™",

Vi = AQi—1Sk-1Qf_ A'II* + Ky (CP.C* + R) (I1K,) ",

Sy = IV,

Qi =1I" + (I — IL,) S} Vi,

Py = Sk — Q1.5kQ}-
The initial values are Sy (given in (1)), Py = So, So = 0, and Qo = II*. The state
estimate is given by

To = lIm,

T, = HAQp-1Zp—1 + 1Ky (yp — CAQp—1T4—1).
Practical implementation of the proposed method is discussed in Section 6.1. An
alternative equation for Py is derived in the following section.

3. THE ERROR COVARIANCE EQUATION

Motivated by the main theorem of [2], we next seek for a Riccati difference
equation satisfied by the error covariance Pj. This equation will be needed later
for determining a bound for the error in the state estimate due to the spatial

discretization. To this end, define the augmented state Ty := Bk} for which we
k

have dynamic equations

Tk A 0 Th—1 B 0 Uk
LJ = {HK;CC’A TI(A - KkCA)Qk,lﬂjk,l} * [HKkOB HKkaJ
=: ApZTp_1 + Brus.
The augmented state covariance satisfies the Lyapunov difference equation
(19) Sy, = AuSy 1 A% + BLUB;
U o

where U = {0 R

} . This covariance can be written as a block operator by S =

Sy Vi ~ . . . .
{ k ~k] where S and S are the state and state estimate covariances, given in

Ve S
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(15) and (17), respectively. Now it holds that Q = V3.5, (or Qx = V3.5 +11*(1 —
HV}{:S:) if S is not invertible) and thus for the reduced-order error covariance
defined in (11), it holds that P, = Sj, — Vi.S; V. Also, for the prediction error
covariance we have Py, = A(S,—V;S; Vi¥)A*+BUB* by (13). Using these notations
we get from (19)
Vi, = ASy 1 A*C*K*IT* 4+ AV, 1 S Vit | A*(I — [IK,0)* + BUB*C* K 1I*
= B.C*(CP,C* + R)“ICPIT" + AVj_1 S | Vi AT,

and similarly S, = IV}, = ViiII*. Using the state covariance Lyapunov equation
(15) and the equations above and noting that VS V¥ = Qi V¥ = Vi@ = QiSi Qs
we see that the error covariance Py, satisfies the Riccati difference equation (RDE)

P, = AP,_1A* + BUB*,
(20) { Py = Py — P.C*(CP.C* + R)"'CP+

+(I — QI (AVi1 S\ Vi | A"+ PLC* (CP:C* + R)“'CPp) (I — Qi I0)*.
This equation is posed in £(X). Note that this is not a complete set of equations,
but the last equation in Algorithm 2.3 can be replaced by the second equation
in (20). Compared to the RDE (7) for the full state Kalman filter, this equation
contains the additional load term in the last line of (20). In the next section we

find an upper bound for the effect of this additional term to the solution at the
infinite time limit but first we need to go through some auxiliary results.

Proposition 3.1. Let §1 and S2 be sigma algebras, such that S1 C Sa and x an
integrable random variable. Then E(z|S1) = E(E(x|S2) [S1).
If x is quadratically integrable then

Cov [E(z|S1) , E(x|S1)] < Cov [E(2|S2) , E(x]S2)] < Cov [z, 2] .
Lemma 3.2. Assume that the state covariance Sy defined in (15) satisfies S, < S

for all k for some trace class operator S € L*(X). For the discretization error term
in the RDE (20), it holds that

My, = (I — QID)(AVi_1 S | Vi A"+ PyC* (CP.C* + R) OB (I — Qi I1)*
(21) < (I —T,)SI —1IL,)* =: M.

Proof. Note that kalglj_lw-,*—l = Qk,lgk,lQ,:_l. Then by (14) and (16) it can
be seen that

My, = Cov [(I — QeIDE(xg|Tr—1,yr) , (I — QeIDE(z|Tr—1,yr)] -
It holds that
QrIE(zk|Zk—1,yx) = QrZr = E(zk|Zx) = E(E(zk|Th—1,yx) |T)

where the first equality follows by (8), the second by the definition of Q, (10), and
the third by Proposition 3.1 and S(Zx) C S(Zk—1,yx) which, in turn, can be seen
from (8).

Thus Q) minimizes

E( (e, Blanlior.ue) - Zin)y) = B( (e, (I = ZIE(alix, )% )
= <C7 (I — ZH)COV []E(-Tkljk—hyk) 7E(1’k|i’k—17 yk)] (I — ZH)*6>X
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over Z € L(C", X) for all e € X. Since II, = IT*I1, it holds that
My, < (I = 1L5)Cov [E(2k|Tk-1, yx) s E(xr|Tp—1, yr)] (I — 1s)”
< (I —1,)Cov [zg, zx]) (I — )" < M

where the middle inequality holds by Proposition 3.1. |
Lemma 3.3. Let P,Sj) for j =1,2, be the solutions of the RDEs

p(7) (5) p= (5)

P =AP" A*+ W,
(22) PO _ pO L PO PD 4 py-1o P

v =Dy =B CT(CPC* + R)™'CPhy

where PP > PV >0 and W» > W) > 0. Then P > P for all k > 0.

This follows from [6: Lemma 3.1] by de Souza in the finite dimensional setting.
The proof is just algebraic manipulation and it holds also in the infinite dimen-
sional setting (if the output is finite dimensional). However, we shall present a
straightforward proof.

Proof. We show P1(2) > Pl(l). For larger k the result follows by induction. Define
the block diagonal covariances in £*(X®)

L1 APV A* - (o
P](3) = |: wo and P](3) =
0

AP? A~
w

Wf”Wl‘”]
and Cp := [C C C]. Then define
Py = Py — PYCy(CsPY Ch + R)TICpPY  for j=1,2
Py = P — PYCE(CpPYCy + R)“'Cp Py,
Now 13’1(32) > lf’é,l) implies Pg) > P}(BX). Then Pl(gl) = {I I 0] P}(BX) [I I 0} and so
P > PD Now P =[1 I 1]PY m and so P > P, O

The following lemma is due to Hager and Horowitz, [§]:

Lemma 3.4. Assume that Sy, < S for all k for some trace class operator S € L*(X)
where Sy, is defined in (15). Let PISF) be the solution of (7) and Péb) be the solution
of (22) with Wk(,b) =W® = BUB*+ AM A* where M is defined in (21). Assuming
Péb) = PO(F) = 0, then Plgb/F) — PO/F) strongly as k — co. Also, the limit
operators PO/F) > 0 are the unique nonnegative solutions of the discrete time
algebraic Riccati equation (DARE)

{ﬁ(b/F) = AP®/F) g Ly ®/F),

(23) PO/E) — pOIF) _ e PO/FICr 4 R)-1CPO/P)

where W) = BUB*.
If o(A— KF)CA) C B(0,p) with p < 1 where KF) is the limit of the full state
Kalman gain, that is

(24) K = pHOer(cpPer + R,

then P,gF) — PF) strongly, starting from any P(EF) >0.



SPATIAL DISCRETIZATION IN KALMAN FILTERING 9

The first part follows from [8: Theorem 1| because P,ij ) < S, and the second part
from [8: Theorem 3.

Even the weak convergence would suffice for the dominated convergence of trace
class operators:
Lemma 3.5. If P, S, and Py for k = 0,1, ... are trace class operators in L*(X),
P, < S for all k, and P, =% P, then tr(Py) — tr(P).
The proof is rather straightforward after noting that (e;, Prej), — (e;, Pe;), as
k — oo, for all j € N where {¢;};cn is an orthonormal basis for X.

4. ERROR ANALYSIS

Next we use sensitivity analysis for DAREs and the results of the preceding
section to show a bound for the discrepancy IE(HQki“k — ||§() of the full and
reduced-order state estimates, defined in (6) and (8), respectively. The results
of this section are based on bounding the effect of the perturbation M in (21)
caused by the spatial discretization. Such bound is possible if we have additional
information about the smoothness of the state zy. That is, it is assumed that
. lies in a subspace X} of X — which is a Hilbert space itself — and that the
projection Il approximates well the vectors in that subspace, meaning that the
norm |1 — Ils| ; x, x) becomes small as the spatial discretization is refined.

We show two theorems — first (Thm. 4.1) is an a priori type estimate on the

convergence rate ofE("Qk;ik - ikﬂi) and the second (Thm. 4.2) is an a posteriori
estimate of the error E("Qkik - fk"%{)

Theorem 4.1. Consider the system (1) and the reduced order state estimator QT
derived in Sections 2 and 3. Make the following assumptions:
(i) = € X1 a.s. for all k where Xy is a Hilbert space that is a vector subspace
of X and supy, IE(HIEk ”?Y1) < oo0.
(ii) The state covariance Sy defined in (15) converges to the solution of the
Lyapunov equation S = ASA* + BUB*, that is, S = z;’io AIBUB*(A*)I
and Sy < S for all k > 0. Use this S in the definition of M in (21).
(iii) The converged full state Kalman filter is exponentially stable, meaning o(A—
KW CA) c B(0,p) for some p < 1 where K& is the Kalman gain of the
converged full state Kalman filter, introduced in (24).

If 11 = 1) g xy 2y @8 small enough, it holds that

timsup E(1Qu — il ) < O~ Tl gy ) + O(I1 ~ Ll 4, )
k—o0

2
where C = (1 +L HA — K(F)C'AHL( )) sup]E(Hrk"QXl) and L is defined in Lemma A.1.
X)) &k

Proof. Assume first that the initial state is completely known, that is, So = 0. Let
Py, be the error covariance of the reduced order method, satisfying the RDE (20)

and My, be defined in (21). It is easy to confirm that the shifted covariance P,i“) =
Py, — My, satisfies the RDE

Bl = AP A* + BUB* + AM,A*,

P = pi — pc (e e + R) OB,
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Then denote by P,gb) and P,Ew the solution of a similar RDE but with the term
AM;, A* replaced by AM A* where M is the upper bound for M}, defined in (21).
Finally, let P,iF) be the error covariance of the full Kalman filter estimate, given in
(7) and &, = E(zx|{y;,j < k}) is given in (6).

By computing the trace of both sides of (4), we see that for a Gaussian random
variable [h1, ho] it holds that

E(Iml%) = E(IE(uln2) ) +E(Jh - Eulh)I} )

Now Zj, depends linearly on [yi, ..., yx] and thus clearly S(Z) € S(y1,...,yx). By
Proposition 3.1, it holds that QxZy = E(zx|Zx) = E(&|Zk). Thus it holds that

E(IQuix - anly) = E(lanly) — E(1Quinl})

—E(lonly) ~E(IQuinly) - (E(lanly) — E(l2l%))

= E(lox - Quin |\§() - E(||xk —anly) = w(PY) + (M) — e (P).
By Lemmas 3.2 and 3.3, PISF) < P,E'l) < P,gw and thus tr(Plga)) — tr(PéF)) <
tr(P,Eb)) - tr(P,EF>). By Lemma 3.4, Plib) — P® and P,EF) — PE) strongly
(recall Sy = 0) where P® and PU) are the solutions of the corresponding DARES,
that is, equation (23) with W® = BUB* + AMA* and W(*) = BUB*. Also,
by Lemma 3.5, tr(P,ib)) — tr(P<b)) and tr(P,iF)) — tr(P(F>). Denote AP :=

P® — PU) and note that AP € L*(X) is a positive (semi-)definite trace class
operator. Then an upper bound for the discrepancy is given by

(25) limsup E(|Qu — il ) < tr(AP) + tr(M).
k—o0

Equation (30) in Lemma A.2 gives a representation for AP. The next step is
to use this equation to find a bound for tr(AP). Because the full Kalman filter is
assumed to be exponentially stable, by Lemmas A.1 and A.2, we have

tr(AP) < tr(L™Y(Ey + BEa + hi(AP)))

where L € L(L£*(X)) is defined in Lemma A.1 and E1, E», and hi(AP) are defined
in Lemma A.2. The term ho(AP) in (30) is excluded here because it is negative
definite (see the discussion after Lemma A.1).

Now we have F; > 0 and so by Lemma A.1,

2
tr(L1By) < Ltr(Ey) < L HA - K(F>CAHL( ()
X

where L is defined in Lemma A.l. From FEs the negative definite part can be
omitted and thus

tr(L ) < L HK(F)CHZ(X>tr (AMA*O* (c(PP+ amaT)C*+ R) _ICAMA*)
<L HK(”CHQL(X) JAIZ ey 1€ eyt ((C(P<F> + AMAYC* + R> 71) tr(M)?

) A|? 4 2 5(F) -1 "2
gLHK CHM) [ 0 ey 1 ((CPEIC™+ R) ) ()2,
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To get a bound for tr (L™'h1(AP)), recall the following properties of the operator
trace and the Hilbert-Schmidt norm:

|AB| s < “A”c()() 1Blus, 1Algs < tr(4), for A€ L7(X), A>0,
and  tr(AB) < [A] g5 |Blys -
Using these and (29) yields tr (L™'h;(AP))

< Lo (2[a- KOCA|, | 10410 18K s +1C AT e 3y 18K s ) w(AP)

where Ly is defined in Lemma A.1, AK = K(F) —K®) and K® = P(”)C*(Cﬁ(b)c*—i-
R)~!. By the last part of Lemma A.2, we have
(26) IAK | g < (&1 + éatr(M))tr(M)

where

(CP<F)C* + R) B

2
1C1 e )

b = (1 + ||
£

1
X
L)

X HCHL(X,y) ||A”i(.x) )
Yy

(P + R) -

2

q ~ -1
and &2 = Al IOz y) | (CPOC + R)

L(Y)
Collecting these inequalities we finally get

atr(M) + btr(M)?
@7) tr(AP) < 1 — (extr(M) + cotr(M)? + cstr(M)? + catr(M)*)

where

2
a=1L ”A - K<F>CAH ,
£02)

2 -1
_ (F) 4 2 p(F) (e
b=L|K CHM) LA x) IC12 .y tr ((cp C* +R) ) :
F A
o =2Lo A~ K04 JOAI ey
A 2 A
co =2Lg HA — K(F)CAHL(X) ”CAug(xy) Ca+ Lo HCAHL(X,)J) 6%7
C3 = 2L0 "CAHZ(XQI) 61627
2 o

ca=Lo “CA".c(x,y) .

To complete the proof under the assumption Sy = 0, use (25), (27), and note
that by the definition of M in (21) and S in assumption (i),

tr(M) = sup E(J(7 Tzl ) < 17 =Tl v, ) spE (Jel, )

In case Sp > 0, the convergence P,ib) — P® has to be established. Denote
®=A-KF)CAand A® = AKCA. Pick A € C from the resolvent set of ®. Then
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using the Woodbury formula, we get
—1
(/\ —(A- K(b)CA)> —(A—d—AP)!
—A=®) T A—®) A (T — (A=) 'AD) T (A —B)!

IAD] £ (a,)

Al =p
where p < 1 is the spectral radius of ®. The invertibility of A — (4 — K®)CA) is
then guaranteed if |AKCA|yy < |A| — p which implies that the spectral radius

of A— K®CA is at most p+ |AKCA| (- So when tr(M) is small enough, then
also A — K(CA is exponentially stable and Péb) — P® strongly. O

and H()\—CD)*lA(P”L(X) <

The assumption (44) in Theorem 4.1 is very difficult to check. Also, it is hard
to say what it means that “|I —II| ; 4, x) is small enough” which is related to the

denominator in Eq. (27) and the exponential stability of A—K(®CA. Consequently,
this theorem should be considered as an a priori convergence speed estimate when
the discretization is refined, that is, when |1 — IL|z(x, x) — 0.

However, if one has already computed the operators Q; and K} and they have
converged to Qs and K and it has turned out that o(A — KCA) C B(0, p) for
some p < 1, then by the same argument as in Theorem 4.1 we get the following
improved error estimate:

Theorem 4.2. Make the assumptions (i) and (ii) in Theorem 4.1. Assume also
that the operators Ky, Qk, and My, related to the reduced order filter have converged
to Koo, Qoo and M, respectively, and o(A — KooCA) C B(0, p) for some p < 1.
Then

tim sup B (|Quie — k%) < CLIT ~ LI 3y ) + Ca T ~ Tl )
—0

where Cy = (1 +L HA - K<F)CAH;X>) sipE(llﬂ%ng):

2 -1 2
— LIg® 4 2 p(F) o+ g 2
Ca =LK TC], | 1Al 1T e r (0P 1) ) (sup (1ol ).
and L is defined in Lemma A.1.

Proof. The covariances P,ia) and 1515'1) defined in the proof of Theorem 4.1 converge
to P(®) and P(®) that are the solution of the DARE

P@) = AP@ A* 4+ BUB* + AM, A*,
P@ = p@) _ pa)c*(CP®C* + R) ' CPW.

Now bounding AP := P(@) — PU) by using the alternative expression (31) for AP
given in Lemma A.2 and otherwise proceeding as in the proof of Theorem 4.1 leads
to the result. Note that

Ky = lim P.C*(CP,C* + R)™*
—00

but since P = Py for all k, it holds that Ko, = PC*(CP@C* + R)~:. O
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}Eemark 4.3. The coefficients C7 and Cs in the above theorem depend on K (F) and
PU) which is not desirable. It is possible to bound these coefficients from above
without computing them. Firstly, we have

2
[a-KPoa], <214~ KaOAlz) + 2004 2y 18K 7y 2,

Now [AK ¢y ) < IAK] 4 for which we have (26), | P(*)] < | 2

L £(x)’

H (015<F>C* + R) o

~ -1
w)g mimGeiecry and tr ((CP<F>0* +R) ) <tr(R7Y).

5. NUMERICAL EXAMPLE

In this section, Algorithm 2.3 is implemented to the temporally discretized 1D
wave equation with damping,
g—;z(aﬂ,t) = fe%z(x, t)+ Ba—;z(x,t) + Bu(t), x € 0,1],
2(0,t) = z(1,t) = 0,
y(t) = Cz(w,t) + w(?t),
z(z,0) = 2o

(28)

where u € R3 and w € R? are the formal derivatives of Brownian motions with
incremental covariances U and R, respectively. The initial state is a Gaussian
random variable zo ~ N(0, Py), and u, w, and 2o are mutually independent. The
input operator B is a multiplication operator but we define its structure only on
the discrete-time level. The output operator C € L(X,R?) is given by Cz =

T
[(cl,z)LQ(o’l) , (e, Z>L2(UY1)1| where ¢;(z) = ﬁ and co(z) = ﬁ
The equation is transformed to a first order differential equation with respect

to the time variable by introducing the augmented state {ﬂ where v = (%z is the

velocity variable. The natural augmented state space is X = H}[0,1] x L%(0,1).
In H}[0,1] := {z € H'0,1]]|2(0) = 2z(1) = 0} we use the norm ||zHiI‘1’[O)1] =

fol 2'(z)?dr. The equation is then temporally discretized using the implicit Euler
method with time step At. The state space discretization is carried out by Finite
Element Method using piecewise linear elements on two meshes on the interval [0, 1].
The first one is a finer mesh with Ny equispaced discretization points. The fine
mesh solution is regarded as the true solution. The second, coarse mesh consists of
N, discretization points, also equally spaced with discretization intervals of length
he =1/(Ne+ 1). It is required that the function space consisting of the piecewise
linear elements on the coarse mesh is a subspace of the fine mesh space. This is
satisfied when Ny +1 = k(N + 1) for some integer k. The coarse mesh space is the
range of II. In the augmented state of the discretized system, the input operator
bl(():L') bg((]fL‘) bg(()l) where b (2) = (1 — x)sin(rx), ba(z) = T22(1 — ),
and bs(z) = sin(67x)?/x. The input noise covariance for the discrete time system
is U, d = AtU.

The solution of (28) actually has additional smoothness, namely [z v]T € X} =
(HA[0,1] N H?[0,1]) x H}[0,1] almost surely — note that By € L(R?, A1), It is
well known that the piecewise linear elements approximate H2-functions in one

is By =
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TABLE 1. Left: Simulation parameters. Right: Squared error av-
erages over 500 simulations.

Symbol value Method F A C
At .01 Position .6122 .6126 .6352
U diag(1,1, .25) Velocity .8150 .8154 .9294
R diag(.3, .15)

Ny 65
N, 5
€ 4
03 = -6.
F -7
0.25 A

°
&
log(diff)
\
&

L
el
o

(] 0.2 0.4 06 0.8 1 =22 -21 -2 -19 -18 -17 -1
log(h)

FIGURE 1. Left: The true solution and estimates given by
the three filtering methods. Right: The convergence of

limy o0 ]E(||Qik — T H/ZY) as h. — 0 is shown with the x-markers.

The solid line is a fitted regression line. The plot is in logarithmic
scale.

dimension so that |z —Ilsz] s < C2he ”Z“H2[04,1] and H!-functions so that
v —TLw] p21) < Crhe [v] g 1), see for example [15: Section 5.1].

Fig. 1 (left) shows the state z(z,t) together with the three different state esti-
mates in one simulation. The full state Kalman filter estimate (F) and the reduced-
order state estimate (A) cannot be distinguished from each other. The third state
estimate (C) is computed in the coarse mesh without taking the discretization error
into account. The simulation parameters are shown in Table 1 (left). The spectral
radius was .996 for both the full state Kalman filter and the reduced-order filter.
We are interested in the stationary Kalman filter and so the simulations were first
run 2000 steps to get rid of initial transitions. The expected (squared) errors of the
different methods are shown in Table 1 (right) separately for the position variable
z and the velocity variable v.

As he — 0, the expected squared difference between the reduced-order estimate

and full state Kalman filter estimate, 1imkﬁooE<HQkik — T \|§()7 tends to zero.
Fig. 1 (right) illustrates this convergence in the example case. Regression analy-
sis gives limg 00 IE(HQkik — Tk Hi) ~ 86.8h796 whereas Theorem 4.1 gives O(h?)
convergence rate.
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6. CONCLUSIONS AND REMARKS

When the system at hand is infinite dimensional (or its dimension is very large),
one needs to make some finite (or lower) dimensional approximation of the sys-
tem in order to be able to actually compute something. For what comes to the
Gaussian state estimation problem, the spatial discretization introduces a bias in
the Kalman filter but the result can be improved by taking that error into account
when determining the Kalman gain.

In this paper, we derived the optimal one-step state estimator zj for an infinite
dimensional system that takes values in a pre-defined finite dimensional subspace
II, X of the system’s state space X'. The presented method also gives an operator Qg
that gives E(x|Zr) = Qrix. This operator can be used as a sort of post-processor
of the obtained state estimate.

Sections 3 and 4 were devoted to finding a bound for the error caused by the
discretization. The error measure is the L2(£2, X')-distance between the reduced-
order state estimate QpZr and the full state Kalman filter estimate &y, that is,
IE("Qkik — Iy HQX) It was found that this distance converges to zero as the ap-
proximation abilities of the projection II; improve.

A numerical example on temporally discretized 1D wave equation was presented
in Section 5. It was noted that the presented method worked well even with fairly
low level of discretization. The spatial discretization was done using piecewise
linear hat functions whose approximating properties were noted to converge with
rate O(h) when the discretization is refined. By Theorem 4.1 this would imply

convergence rate IE("Qkik — Ty HQX = O(h?) for the reduced-order state estimate.

However, numerical simulations showed that this convergence was actually of order
O(h7) in the example case.

6.1. On practical implementation. Even though all the computations needed
for the update of the state estimate are carried out in the finite dimensional subspace
II,X in the presented method, the offline computations needed for determining the
Kalman gains K} and the operators @)y are still formally carried out in the infi-
nite dimensional X'. In practice, there are very few cases where this can be done
analytically, and even then it is hardly worth the effort. A practical approach is
proposed in the example, namely introducing two computational meshes for the
problem at hand — a fine mesh and a coarse mesh. The fine mesh discretization
is then regarded as the true system and Kj and @ are computed using this dis-
cretization. This mesh should be as fine as reasonably possible. The online state
estimation is then carried out in the coarse mesh. Of course, the criterion for this
mesh is that the time evolution of the state estimator has to be solvable with the
available computing power in time before the next measurement arrives.

In practical implementation of the presented method, one weak point is the
computation of @y which in theory requires computation of the (pseudo)inverse of
the n x n matrix Sy, see (18). As noted in Remark 2.2, when S, is not invertible
then Qr = II* + (I — Hs)VkS',j'. This equation for Qf could also be used if the
pseudoinverse is not computed accurately, but by using some approximative or
regularizing scheme. Then the part that @ maps to II;&" is readily taken care
of and from nglj one can compute an approximation to a couple of the most
important dimensions in the null space of II.
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We also remark that there is no guarantee that @ and Kj) would converge.
Further, even if they do converge, there are no algebraic equations for obtaining
the limits directly. Thus, the only way to obtain them is to iterate the recursive
equation sufficiently many times. However, consider the case that we are given
IIz), and we want to recover x,. Then (assuming E(z;) = 0) the optimal solution
is given by E(zy|lIxy) =: Qpllzy, where
Qr = TI* + (I — T1,) S, IT* (TS, IT*) +
where Sy = Cov [z, x] is given by (15). Then we have z; = @kﬂxk + v, where
v ~ N(0,V;) where

Vi = (I — TL)Sk(I — T1,)* — (I — I1,) S}, IT* (ILS, IT*) I1S), (I — II,)*.

Now S}, converges and the limit S, can be obtained as the solution of the Lyapunov
equation S, = AS,A* + BUB*. Of course, the error vy is correlated but making
the (false) assumption that it is not, leads to an approximate reduced order error
covariance (in converged form)

P =TAQ PQ? A*II* + IIBU B*II* + I1AV,, A*1I*,
P =P — PQ* . C*(CQuPQ*.C* + R)"1CQu P.
It was found that using this approximative state estimate worked reasonably well

in the presented example. With the parameters on the left in Table 1, the error
2

was in average over 500 simulations .6148 for the position variable

Héoofk - xk‘ v
and .8179 for the velocity variable (cf. the right panel of Table 1).

6.2. Further work. Let us end the paper by briefly discussing topics that would
require further work. An immediate question is whether a similar result can be
obtained for the Kalman—Bucy filter, that is, for continuous time systems. Here
the discrete time systems were studied for technical convenience but, in principle,
there should not be any reasons why it couldn’t be done. For example the results
of 2], [3] and [7] were obtained in the continuous time setting. In particular [7]
might give useful tools for treating this problem.

The dual problem to the Gaussian state estimation problem is the optimal control
problem for linear systems with quadratic cost functions. A natural question is
whether the results of this paper can be translated to that problem. For example
Mohammadi et al. use truncated eigenbasis approach to approximately solve the
algebraic Riccati equation arising from optimal control of a diffusion-convection-
reaction in [16].

One topic that was not given much attention in this paper is the optimality of
the assumptions on the system. It is well known that the classical Kalman filter
might work just fine even though the underlying system is not stable. We, on
the other hand, used many times the input stability of the system, i.e., the state
covariance is uniformly bounded by some trace class operator S < S. Also, we had
to state as an assumption that the full state Kalman filter is exponentially stable,
that is, o(A— KCA) C B(0, p) for some p < 1. Relaxing this assumption would be
desirable since for example strong (that is, asymptotical) stability of the full state
filter is proved in [10: Theorem 4.2] — although under a controllability assumption
that would exclude finite dimensional control.
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APPENDIX A. AUXILIARY RESULTS
Lemma A.1. Define the operator L € L(L*(X)) by
LW :=W — (A- K®CcAHW(A - KP) CA)*
where (A — KU CA) ¢ B(0,p) for p < 1. This operator has the following prop-
erties:

(i) L is boundedly invertible.

(ii) If LW = X, then X > 0 implies W > 0.

(ili) There exists a constant L > 0 s.t. tr(L™1X) < Ltr(X) for all positive
definite trace class operators X € L*(X). Denote by L the smallest possible
constant. Denote Lg := Z;’io H(A —K®cA We have L < Ly <
0.

Define also LW := W — (A — Koo CAYW (A — Ko CA)* where Ko, is the converged
gain of the reduced order filter (if it converges) and denote by L the corresponding
trace bound for LY.

i P

Proof. (i): The inverse of L is given by

(29) L7'X =) (A- KFCAYX((A- K CA) ).

j=0
By Gelfand’s formula (see [13: Theorem 7.5-5]), the sum converges in operator
topology because o(A — KF)CA) € B(0, p) for some p < 1.

(ii): Assume that X € £*(X) is positive semidefinite. From (29) it is easy to see
that L™X is positive semidefinite. Clearly also if X is negative semidefinite then
W is negative semidefinite.

(i) If X € L£*(X) is a positive definite trace class operator and T € L(X) then
tr(TXT*) < [T}y, tr(X). This together with (29) imply (iii). 0

IfLW = X, — X_ where Xy, X_ >0 then W =W, —W_ where LW, = X4 and
Wy, W_ > 0. Of course tr(W) < tr(W,) < Ltr(X4). Thus, if the right hand side
can be represented as a sum of a positive definite and a negative definite part, then
only the positive definite part needs to be taken into account when computing an
upper bound for the trace of the solution.

Lemma A.2. The perturbation AP in the proof of Theorem 4.1 satisfies
AP = (A- KFICAAPA - KP)CAY* + Ey + Ey + hy(AP) + hy(AP)

(30) =LY (E; + E2 + hi(AP) + ha(AP))

where
By = - KWC)AMA*(I — KF0)*,

~ —1
By = —(I-KWC)AM A*C* (C(P<F> + AMA*)C* + R) CAMA*(I-KT )

~ —1
+ KOCAMA*C* (C(P<F> + AMAY)C* + R) CAMA*C* K (F)*,
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Ri(AP) = AKCAAP(A- KD CAY +(A-K P CA)AP(AKCA)* +AKCAAP(AKCA)*
where AK = KU — KO and

ha(AP) = — (A — KD CA)APA*C* (C(P<F>+ AMA* + AAPA™)C* + R) T
x CAAP(A — K®CA)*.
Alternatively, the equation (30) can be written as
(31) AP = (A—-K®WCAAP(A—- KWCA)* + E) 4 Ea + hao(AP).
The perturbation of the Kalman gain is given by

~ ~ -1
AK = ((P<F> + AMAY)C* (C(P<F> +AMAYC® + R) o 1) x
x AMA*C*(CPY)C* + R)~L.

For a proof, see [23: Lemma 2.1]. There everything is finite-dimensional but the
proof of this Lemma is based on just algebraic manipulation and it holds also in the
infinite-dimensional setting. Note that the matrix C(PF) + M + AAPA*)C* + R
is invertible because C(PP) + M + AAPA*)C* > 0 and R > 0. In the proof of
[23: Lemma 2.1|, some additional assumptions on the perturbations is needed to
guarantee the invertibility of the corresponding matrix (denoted by c there). To
get (31), note that

hi(AP) = (A— K®CA)APA - K®OCA)* — (A - KPCA)AP(A - KFICA)*.
For the last part, see in particular [23: Eq. (A.8)].
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Abstract

We prove the unique solvability, passivity/conservativity and some
regularity results of two mathematical models for acoustic wave propa-
gation in curved, variable diameter tubular structures of finite length.
The first of the models is the generalised Webster’s model that includes
dissipation and curvature of the 1D waveguide. The second model
is the scattering passive, boundary controlled wave equation on 3D
waveguides. The two models are treated in an unified fashion so that
the results on the wave equation reduce to the corresponding results
of approximating Webster’s model at the limit of vanishing waveguide
intersection.
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1 Introduction

This is the second part of the three part mathematical study on acoustic
wave propagation in a narrow, tubular 3D domain Q C R3. The other parts
of the work are [25, 26]. Our current interest in wave guide dynamics stems
from modelling of acoustics of speech production; see, e.g., [1, 3, 13] and the
references therein.

The main purpose of the present paper is to give a rigorous treatment of
solvability and energy passivity/conservativity questions of the two models
for wave propagations that are discussed in detail in [26]: these are (i)
the boundary controlled wave equation on a tubular domain, and (ii) the
generalised Webster’s horn model that approximates the wave equation in
low frequencies. The a posteriori error estimate for the Webster’s model is
ultimately given in [25], and it is in an essential part based on Theorems 4.1
and 5.1 below.



The secondary purpose of this paper is to introduce the new notion of
conservative majoration for passive boundary control systems. The under-
lying systems theory idea is simple and easy to explain: it is to be expected
on engineering and physical grounds that adding energy dissipation to a
forward time solvable (i.e., internally well-posed, typically even conserva-
tive) system cannot make the system ill-posed, e.g., unsolvable in forward
time direction. Thus, it should be enough to treat mathematically only the
lossless conservative case that “majorates” all models where dissipation is
included as far as we are not reversing the arrow of time. That this intuition
holds true for many types of energy dissipation is proved in Theorem 3.1 for
boundary dissipation and in Theorem 3.2 for a class of dissipation terms for
PDE’s. These theorems are given in the general context of boundary nodes
that have been discussed in, e.g., [29, 30, 42].

Early work concerning Webster’s equation can be found in [5, 40, 41, 47].
Webster’s original work [47] was published in 1919, but the model itself has
a longer history spanning over 200 years and starting from the works of
D. Bernoulli, Euler, and Lagrange. More modern approaches is provided by
[20, 21, 31, 32, 34, 33]. Webster’s horn model is a special case of the wave
equation in a non-homogenous medium in Q C R®, n > 1, which has been
treated with various boundary and interior point control actions in, e.g., [9,
Appendix 2], [18, Section 2|, [22], [37, Section 6], and, in particular, [19,
Section 7] containing also historical remarks. There exists a rich literature
on the damped wave equation in 1D spatial domain, and instead of trying
to give here a comprehensive account we refer to the numerous references
given [10].

The boundary of Q C R™, n > 2, is smooth or C? in the works cited
above, which excludes polygons (for n = 2) or their higher dimensional
counterparts such as the tubular structures discussed here. From systems
theory point of view, this is a serious restriction since it is obviously impos-
sible to connect finitely many, disjoint, smooth domains seamlessly to each
other without leaving holes whose interior is non-empty. The generality of
this article makes it possible to interconnect 3D wave equation systems on
geometrically compatible elements £2; C R3 to form aggregated systems on
U;€2; in the same way as described in [2, Section 5] for Webster’s horn model.

Theorems 4.1 and 5.1 treat the questions of unique solvability, passivity,
and regularity of the two wave propagation models in the exactly same form
as these results are required in companion papers [25, 26]. The strict passiv-
ity (i.e., the case o > 0) in Theorems 4.1 and 5.1 could be proved without
resorting to Theorems 3.1 and 3.2 as they both concern single PDE’s with
simple dissipation models. However, the direct approach becomes techni-
cally quite cumbersome if we have more complicated aggregated systems
to treat (not all of which need be defined by PDE’s), and combinations of
various dissipation models are involved. An example of such systems is pro-



Figure 1: The Frenet frame of the planar centreline for a tubular domain €2,
represented by some of its intersection surfaces I'(s) for s € [0,1]. The wall
I' C 99 is not shown, and the global coordinate system is detailed in [26,
Section 2].

vided by transmission graphs as introduced in [2] where the general passive
case is treated by reducing it to the conservative case and arguing as in
Theorem 3.2. In the context of transmission graphs, see also the literature
on port-Hamiltonian systems [4, 16, 46]. That the conservative majora-
tion method cannot be used for all possible dissipation terms is shown in
Section 6 by an example involving Kelvin—Voigt structural damping.

Let us return to wave propagation models on a tubular domain §2 refer-
ring to Fig. 1. The cross sections I'(s) of  are normal to the planar curve
~v = ~(s) that serves as the centreline of {2 as shown in Fig. 1. We denote by
R(s) and A(s) := mR(s)? the radius and the area of I'(s), respectively. We
call I' the wall, and the circular plates I'(0), I'(1) the ends of the tube .
The boundary of  satisfies 92 = TUT'(0)UT'(1). Without loss of generality,
the parameter s > 0 can be regarded as the arc length of v, measured from
the control/observation surface I'(0) of the tube.

As is well known, acoustic wave propagation in {2 can be modelled by
the wave equation for the velocity potential ¢ as

bu(r,t) = 2Ap(r,t) forr € Qandte R,

c%(r,t) + (r,t) =2 p%(o) u(r,t) forr € T'(0) and t € RT,
¢(r,t)=0 forreTl(1)and t € R, (1.1)
a%—f(r,t)Jr%(r,t) =0 forrel, andt€ R, and

(b([‘, 0) = ()230(1‘), p¢t(r7 O) = po(r) forreQ
with the observation defined by

cg—f(r, t) — ¢u(r,t) =2 p%(o) y(r,t) forreT(0)andteRT, (1.2)

where v denotes the unit normal vector on 0fQ, ¢ is the sound speed, p is the
density of the medium, and o > 0 is a parameter associated to boundary



dissipation. The functions u and y are control and observation signals in
scattering form, and the normalisation constant 2, / A(O takes care of their

physical dimension which is power per area. Solvability, stability, and energy
questions for the wave equation in various geometrical domains 2 C R™ have
a huge literature, and it is not possible to give a historically accurate review
here. The wave equation is a prototypal example of a linear hyperbolic
PDE whose classical mathematical treatment can be found, e.g., in [23,
Chapter 5], and the underlying physics is explained well in [8, Chapter 9].
In the operator and mathematical system theory context, it has been given
as an example (in various variations) in [27, 30, 43, 44, 48] and elsewhere.
For applications in speech research, see, e.g., [3, 13, 26] and the references
therein.

One computationally and analytically simpler wave propagation model
is the generalised Webster’s horn model for the same tubular domain €2
that is now represented by the area function A(-) introduced above. To
review this model in its generalised form, let us recall some notions from
[26]. To take into account the curvature x(s) of the centreline v(-) of Q, we
adjust the sound speed ¢ in (1.1) by defining c¢(s) := ¢X(s) where X(s) :=
(1+ in(s)2)71/2 is the sound speed correction factor, and n(s) := R(s)k(s)
is the curvature ratio at s € [0,1]. We also need take into consideration the
deformation of the outer wall I' by defining the stretching factor W(s) :=

(s)\/R'(s) n(s) — 1)?; see [26, Eq. (2.8)]. It is a standing assumption
that n(s) <1 to prevent the tube 2 from folding on itself locally.

Following [26], the generalised Webster’s horn model for the velocity
potential ¢ = ¥(s,t) is now given by

du =S5 2 (As)3L) — Zmelblekeal o0

for s € (0,1) and t € RT,
—cths(0,t) + 1 (0,8) =2 A(O a(t) for t € RY, (1.3)
P(1,t)=0 forteRT, and
%0(5’0) = 1/}0(8)7 P¢t(570) = WU(S) for s € (07 1)7

and the observation ¢ is defined by

A g(t) forteRT. (1.4)

- Cws(07 t)— wt(oa t) =2
The constants ¢, p, « are same as in (1.1). The input and output signals @
and g of (1.3)—(1.4) correspond to u and y in (1.1)—(1.2) by spatial averaging
over the control surface I'(0). Hence, their physical dimension is power per
area as well. Based on [25, 26], the solution 4 of (1.3) approximates the
averages

_ 1
o(s,t) = m/r( )gbdA for s€(0,1) and t>0 (1.5)
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of ¢ in (1.1) when ¢ is regular enough. Note that the dissipative boundary
condition ag—i’(r, t)—i-g—f(r, t) = 0in (1.1) has been replaced by the dissipation
term 2waW(s)A(s)*1c(s)2%—’f (with the same parameter «) in (1.3). For
classical work on Webster’s horn model, see [20, 31, 40] and in particular
[33] where numerous references can be found.

We show in Theorem 5.1 that the wave equation model (1.1)—(1.2) is
uniquely solvable in both directions of time, and the solution satisfies an
energy inequality if @ > 0. By Corollary 5.2, the model has the same
properties for & = 0 but then the energy inequality is replaced by an equality,
and the model is even time-flow invertible. In all cases, the solution ¢ is
observed to have the regularity required for the treatment given in [26] if
the input u is twice continuously differentiable. The generalised Webster’s
horn model (1.3)—(1.4) is treated in a similar manner in Theorem 4.1.

This paper is organised as follows: Background on boundary control
systems is given in Section 2. Conservative majoration of passive boundary
control systems is treated in Section 3. The Webster’s horn model and the
wave equation are treated in Sections 4 and 5 respectively. Some immediate
extensions of these results are given in Section 6. Because of the lack of ac-
cessible, complete, and sufficiently general references, the paper is completed
by a self-contained appendix on Sobolev spaces, boundary trace operators,
Green’s identity, and Poincaré inequality for special Lipschitz domains that
are required in the rigorous analysis of typical wave guide geometries.

2  On infinite dimensional systems

Linear boundary control systems such as (1.1) and (1.3) are treated as dy-
namical systems that can be described by operator differential equations of
the form

u(t) = Gz(t), 2(t) = Lz(t), with the initial condition z(0) = 2

(2.1)

and the observation equation
y(t) = K=(t), (2.2)

where t € RT denotes time. The signals in (2.1), (2.2) are as follows: u is
the input, y is the output, and the state trajectory is z.

Cauchy problems

To make (2.1) properly solvable for all twice differentiable u and compatible
initial states zg, the axioms of an internally well-posed boundary node should
be satisfied:



Definition 2.1. A triple of operators E = (G, L, K) is an internally well-
posed boundary node on the Hilbert spaces (U, X,)) if the following condi-
tions are satisfied:

(i) G, L, and K are linear operators with the same domain Z C X;
(i) [g} is a closed operator from X into U x X x Y with domain Z;
(i) G s surjective, and ker (G) is dense in X; and

(iv) L‘kcr(G) (understood as an unbounded operator in X with domain ker (G))
generates a strongly continuous semigroup on X.

If, in addition, L is a closed operator on X with domain Z, we say that the
boundary node = is strong.

The history of abstract boundary control system dates back to [7, 38, 39].
The phrase “internally well-posed” refers to condition (iv) of Definition 2.1,
and it is a much weaker property than well-posedness of systems in the
sense of [42]. It plainly means that the boundary node defines an evolution
equation that is uniquely solvable in forward time direction. Boundary nodes
that are not necessarily internally well-posed are characterised by the weaker
requirement in place of (iv): a — L‘kcr(G) is a bijection from ker (G) onto X
for some o € C.

We call U the input space, X the state space, Y the output space, Z the
solution space, G the input boundary operator, L the interior operator, and
K the output boundary operator. The operator A := L‘kor(G) is called the
semigroup gemerator if = is internally well-posed, and otherwise it is known
as the main operator of =. Because [G L K]T is a closed operator, we
can give its domain the Hilbert space structure by the graph norm

I21% = 121% + IL211% + G212 + |1 K213 (2.3)

If the node is strong, we have an equivalent norm for Z given by omitting
the last two terms in (2.3). If = = (G, L, K) is an internally well-posed
boundary node, then (2.1) has a unique “smooth” solution:

Proposition 2.2. Assume that = = (G, L, K) is an internally well-posed
boundary node. For all zg € X and u € C*(RT;U) with Gzo = u(0) the
equations (2.1) have a unique solution z € CL(RT; X) N C(R*; Z). Hence,
the output y € C(RT;Y) is well defined by the equation (2.2).

Indeed, this is [29, Lemma 2.6].



Energy balances

Now that we have treated the solvability of the dynamical equations, it
remains to consider energy notions. We say that the internally well-posed
boundary node = = (G, L, K) is (scattering) passive if all smooth solutions
of (2.1) satisfy

d
SO + lyOI3 < lu®llfy  foral teR (2:4)

with y given by (2.2). All such systems are well-posed in the sense of [42];
see also [45]. We say that = is (scattering) energy preserving if (2.4) holds
as an equality.

Many boundary nodes arising from hyperbolic PDE’s (such as (1.1)—(1.2)
and (1.3)—(1.4)) have the property that they remain boundary nodes if we (i)
change the sign of L (i.e., reverse the direction of time); and (ii) interchange
the roles of K and G (i.e., reverse the flow direction). Such boundary nodes
are called time-flow invertible, and we write = = (K, —L, G) for the time-
flow inverse of =. There are many equivalent definitions of conservativity in
the literature, and we choose here the following:

Definition 2.3. An internally well-posed boundary node = is (scattering)
conservative if it is time-flow invertible, and both = itself and the time-flow
inverse = are (scattering) energy preserving.

For system nodes that have been introduced in [42, 28], an equivalent
definition for conservativity is to require that both S and its dual node S® are
energy preserving. This is the straightforward generalisation from the finite-
dimensional theory but it is not very practical when dealing with boundary
control. For conservative systems, the time-flow inverse and the dual system
coincide, and we have then, in particular, A* = if A= L|ker(G).
For details, see [29, Theorems 1.7 and 1.9].

It is possible to check economically, without directly using Definition 2.1,
that the triple 2 = (G, L, K) is a dissipative/conservative boundary node:

_L|ker(K)

Proposition 2.4. Let = = (G, L, K) be a triple of linear operators with a
common domain Z C X, and ranges in the Hilbert spaces U, X, and Y,
respectively. Then E is a passive boundary node on (U, X,Y) if and only if
the following conditions hold:

(i) We have the Green—Lagrange inequality

2Re (2, Lz)x + |K2||3 < ||G2[f,  forall z€ Z; (2.5)

!The words “energy preserving” can be replaced by “passive” without changing the
class of systems one obtains.



(i) GZ = U and (8 — L)ker (G) = X for some B € CT (hence, for all
BeCt).

Similarly, = is a conservative boundary node on (U, X,Y) if and only if
(ii) above holds together with the additional conditions:

(iii) We have the Green—Lagrange identity

2Re (2, Lz)x + |K2|3 = |G2|f;, forall z€ Z. (2.6)

(iv) KZ =Y and (y + L)ker (K) = X for some v € C* (hence, for all
yeCt).

This is a slight modification of [30, Theorem 2.5]. See also [29, Proposi-
tion 2.5]. The abstract boundary spaces as discussed in [11] are essentially
(impedance) conservative strong nodes as explained in [30, Section 5].

3 Conservative majorants

In some applications, the dissipative character of a linear dynamical system
is often due to a distinct part of the model such as a term or a boundary
condition imposed on the defining PDE. If this part is completely removed
from the model, the resulting more simple system is conservative and, in
particular, internally well-posed. We call it a conservative majorant of the
original dissipative system.

Intuition from engineering and physics hints that increasing dissipation
should make the system “better behaved” and not spoil the internal well-
posedness.? The following Theorems 3.1 and 3.2 apply to many boundary
control systems. However, they are written for passive majorants since the
proofs remain the same, and this way the results can be applied successively
to systems having both boundary dissipation and dissipative terms.

[

Theorem 3.1. Let & = ([g] , L, [g}) be a scattering passive boundary

node on Hilbert spaces (U QU,X, VD 5)) with solution space Z. Then = =
(G|Z,L|Z7K|2) is a scattering passive boundary node on (U,X,Y) with

the solution space Z := ker (G) Both = and = have the same semaigroup

generators, equalling L|ker(G)mker(G‘)' Ifé is a strong node, so is E.

Proof. The Green—Lagrange inequality holds for E since for z € ker (G) we

have [|Gz|ly = || [g] 2|lyez> @and hence we get by the passivity of =

2Re (z, Lz)x — |Gz < —II[ 2] (1523,

2
”yeaii <

2The dissipativity or even the internal well-posedness of the time-flow inverted system
is, if course, destroyed since adding dissipation creates the “arrow of time”.



The surjectivity GZ = U follows from U @ {0} C U U = [g] Z and

Z = ker (é) Since (8 — L)ker (G’Z) = (8- L)|ker(é)ker (G) = (B-
L) (ker (G) Nker (é)) = (B — L)ker ([&]) = &, the passivity of Z follows
by Proposition 2.4. B y

Suppose that L is closed (i.e., Z is strong) and that Z D Z 3 z; — zin X
is such that Lz; — z in X as j — co. Because L is closed, z € dom (L) = Z
and Lz = z. Thus, ||zj — z|% = |lzj — 2% + | L(z; — 2)|% — 0. Because
G € L(Z;U) by applying (2.3) on Z, the space Z = ker (G) is closed in Z
and thus z € Z. We have now shown that L| 2 s closed with dom (L| 2) =
Z. O

The restriction of the original solution space to ker (é) in Theorem 3.1

is a functional analytic description of boundary dissipation of a particular

kind. If the original scattering passive = is translated to an impedance
passive boundary node by the external Cayley-transform (see [30, Defini-

tion 3.1]), then the abstract boundary condition by restriction to ker (é)

can be understood as a termination to an ideally resistive element as de-
picted in [30, Fig. 1].

Theorem 3.2. Let = = (G, L,K) be a scattering passive boundary node
on Hilbert spaces (U, X,Y) with solution space Z and Xy = ker (G) with
the norm ||z, = ||(1 — L)z||x. Let H be a dissipative operator on X with
Z C dom (H).® Denote the two assumptions as follows:

(i) Thereisa >0 and 0 <b <1 such that |Hz|x < allz||x +b||Lz||x for
all z € ker (G).

(ii) There is a Hilbert space X such that X1 C X C dom (H), the inclusion
X) C X is compact and H|/{, € L(X;X).

If either (i) or (ii) holds, then Zg = (G,L + H, K) is a scattering passive
boundary node. We have dom (A) = dom (Ag) where A = L|ker(G) and
Ay = (L—|—H)|ker(G) are the semigroup generators of = and =, respectively.

If the node E is strong and H € L(X) (i.e., b =0 in assumption (1)), then
Zpg is a strong boundary node as well.

Both the assumptions (i) and (ii) hold if H € £(X) and X} C X with a
compact inclusion. This is the case in [2, Section 5] in the context of an
impedance passive system. The compactness property is typically a con-
sequence of the Rellich-Kondrachov theorem [6, Theorem 1, p. 144] for
boundary nodes defined by PDE’s on bounded domains. In many applica-
tions such as Theorem 4.1 below, the operator H is even self-adjoint. We

3This means that H : dom (H) C X — X is an operator satisfying Z C dom (H) and
Re(z,Hz)x <0Oforall z € Z.



give an example of the 1D wave equation with Kelvin—Voigt damping in
Section 6 where Theorem 3.2 cannot be applied.

Proof. By using assumption (i): This argument is motivated by [14, The-
orem 2.7 on p. 501]. Let us first show that Ay := A + H‘ker(G) with

dom (Ap) = ker (G) generates a contraction semigroup on X where A =
L|ker< ) generates the contraction semigroup of = as usual. As a first step,

we establish the inequality || H (s — A) ™| z(x) < 1 for all real s large enough.
Let 8 > 0 be arbitrary. For all s > 8 and z € X we have
IH (s — A)" 2|l <all(s — )712|\X +OllA(s — A) 7 z)lx
<(a+p0)|(s = A) " 2x

=

-1
-7 = o (- Uma) se-

Since A is a maximally dissipative operator on X, we have for all z =
(A—pB)x € X with z € dom (A)
Re <(A - 5)7127 Z>X =Re <(A - 5)71(‘4 - 5)I7 (A - B)x>X
=Re <‘Ta (A - 6)I>X
—Re (z, A}y — Ba]} < 0.

(A—B)~ )12:

X

since

Thus, the operator (4 — 3)~! is dissipative, and it is maximally so because
(A-p)~teLx).

Because (A — 8)~! generates a Cj contraction semigroup on X, the
Hille-Yoshida generator theorem gives the resolvent estimate

BE——

for s > 8> 0. Similarly, ||[(s — A)7||zx) < 1/s for s > 0. These together
with (3.1) give

<1

L(X)

-1
[ H(s—A) ZHX§a+ﬁb+b<1fordlls>a+ﬁb
B s L-b

Because 3 > 0 was arbitrary, we get |[H (s — A)™'|z(x) < 1 for all s > 1%.
We conclude that (a/(1 —b),00) C p(Apg) and

(s = Am) ™ = (s — A NI = H(s — A7) (3.2)
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where dom (Ay) = dom (4) = ker (G). In particular, we have shown that
(2a/(1 —b) — L — H)ker (G) = X (that GZ = U holds, follows because
= itself is a boundary node with the same input boundary operator G).
Since the Green—Lagrange inequality (2.5) holds by the passivity of = and
Re(z, Hz)x» < 0 by assumption, we conclude that (2.5) holds with L + H
in place of L, too. Thus Zp is a scattering passive boundary node by
Proposition 2.4.

By using assumption (ii): As in the first part of this proof, it is enough to
prove that p(Ag)NC, # ) by verifying (3.2). Because (s—A)™' € L(X; X)),
X, C X is compact, and H|)2 € L(X;X), we conclude that H(s — A)~! €
L(X) is a compact operator for all s € Cy. If there is a s > 0 such that
1 ¢ o(H(s—A)™Y) Cop(H(s— A)~1) U {0}, then (3.2) holds, s € p(An),
and Zp is a passive boundary node as argued in the first part of the proof.
For contradiction, assume that 1 € o,(H(sg — A)~!) for some sg > 0. This
implies Agxzy = soxg for some zy € dom (Ay), and hence

Re (Agxo, o)y = solzol} >0

which contradicts the dissipativity of Ay = A + H‘ker(G)' Thus (3.2) holds

and dom (A) = dom (Ag). The final claim about strongness of Zy holds
because perturbations of closed operators by bounded operators are closed.
O

The perturbation H in Theorem 3.2 is a densely defined dissipative op-
erator on X. As such, it has a maximally dissipative (closed) extension
H : dom (f[) C X — X satisfying H* C H*, and the adjoint H* is max-
imally dissipative as well. Without loss of generality we may assume that
H = H in Theorem 3.2. Furthermore, it is possible to use X = dom (H)

equipped with the graph norm | z|| = ||z]|% + || Hz||% in assumption

2 ~
dom(H)
(ii), and it only remains to check whether X3 C dom (fl compactly.

Let us consider the adjoint semigroup of the passive boundary node
=y = (G, L+H, K), majorated by the conservative node = = (G, L, K). The
adjoint semigroup is generated by the maximally dissipative operator A%
where Ay = (L+H is maximally dissipative under the assumptions
of Theorem 3.2.

)|kcr(G)

Proposition 3.3. Let = = (G, L, K) be a scattering conservative bound-
ary node on Hilbert spaces (U, X,)) with solution space Z. Let H be a
dissipative operator on X with 2 C dom (H). Assume that either of the
assumptions (i) or (ii) of Theorem 3.2 holds, and let the extension H be
defined as above.

(i) Ifker (K) C dom (fi) then (=L + H*) |\, 1) © Al
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(ii) If = is time-flow invertible and Z C dom (ﬁ*) , then EE = (K, —L+

EI*, G) is an internally well-posed boundary node if and only if (—L +
H*)|ker(K) = AT‘I

iii) IfZ is conservative and Z C dom ( H* , then 25 is a passive bound-
H*

ary node if and only if (—L + ﬁ*)|ker(K) = Aj,.

If 2= (G, L, K) is conservative, so is its time-flow inverse 2 = (K, —L, G)
by Definition 2.3. In this case, it may be possible to use Theorem 3.2 to
conclude that =% is a passive boundary node as well. If both =y and Eg*
are passive, then they cannot be time-flow inverses of each other unless both

nodes are, in fact, conservative; i.e., H = H* =0 on Z.

Proof. Tt is easy to see that A*+T* C (A+T)* holds for operators A, T on X
with dom (A)Ndom (7) dense in X . Applying this on A = L|ker(G) and T :=
ﬁ’ker(G) we get on ker (K) the inclusion —L|ker(K)+ (ﬁ‘ker(G)) C Ajy. Here
we used A* = —L|ker( ) which holds because 2 = (G, L, K) is a conservative
boundary node whose dual system (with semigroup generator A*) coincides

with the time-flow inverse = = (K, —L,G). Since ker (K) C dom (fl*)

has been assumed, it follows that ( ) z = H*z for all z € ker (K),

H|ker(G)
and claim (i) now follows.
The “only if” part of claims (ii) and (iii): By the internal well-posedness

of Eg*, its main operator (—L—Q—f[* (K) generates a Cj semigroup, and its

)’ker
resolvent set contains some right half plane by the Hille-Yoshida theorem.
By claim (i) and the fact that A}, is (even maximally) dissipative, it follows

that (7L+]§*)|ker(K) is dissipative. But then (7L+f[*)|ker(K)

dissipative, and the converse inclusion A}, C (—L + H*

is maximally

)| Ker(K) follows.

The “if” part of claim (ii): The operator (—L + ﬁ*)|ker(K)
contraction semigroup on X’ because it equals by assumption A}, where Ay
itself is a generator of a contraction semigroup by Theorem 3.2.

Equip the Hilbert space dom (ﬁ *) with the graph norm of the closed

generates a

operator H*. Since Z C dom (f]*) has been assumed, and both Z and
dom (ﬁ*) are continuously embedded in X, the inclusion Z C dom (f[*) is

continuous, too. Now ﬁ*’z € L(Z; X) follows from H* € £(dom (f]*) ; X).

Since now —L + H* € L£(Z;X), it follows that Eg* is an internally well-
posed boundary node by [29, Proposition 2.5]. (You could also argue by
verifying Definition 2.1(ii) directly.)

The “if” part of claim (iii): The “if” part of claim (ii) gives the in-
ternal well-posedness of Eg* To show passivity, only the Green-Lagrange

12



inequality 2Re (z, (—L 4+ H*)z)x < [Kz[3 — |Gz is needed. This follows
from (2.6) (by the conservativity of Z) and the dissipativity of H* with
Z C dom (f] *) (since H is mazimally dissipative). O

4  Generalised Webster’s model for wave guides

As proved in [26], we arrive (under some mild technical assumptions on £ as
explained in [26, Section 3]) to the following equations for the approximate
spatial averages of solutions of (5.1):

Gy = <22 0 ( A(s) @) _ 2maW(s)c(s)”

t = A(s) Bs s A(s) ot
for s € (0,1) and t € RT,
—c(0)9s(0,8) + 14(0,8) = 2,/ S a(t)  for t € RY, (4.1)

P(1,t) =0 forteRT, and
¢(570) = 1/)0(5)7 P¢t(570) = WO(S) for s € (07 1)7

and the observation equation averages to

—c(0)Ys(0,t) — ¢(0,t) = 2 g(t) fort e Rt. (4.2)

The notation has been introduced in Section 1. Analogously with the
wave equation, the solution v is called Webster’s velocity potential. In
[25, Section 3] we add a load function f(s,t) to obtain the PDE ¢y =

ﬁlj a% (A(s)%—f) - W%’f + f(s,t) because the argument there is
based on the feed-forward connection detailed in [26, Fig. 1]. Only the
boundary control input is considered here, and it can be treated using bound-
ary nodes.

We assume that the sound speed correction factor ¥(s) and the area
function A(s) are continuously differentiable for s € [0, 1], and that the

estimates

0 < min A(s) < max A(s) < oo and 0 < min ¢(s) < max ¢(s) < 0o
s€[0,1] s€[0,1] s€[0,1] s€[0,1]
(4.3)

hold. These are natural assumptions recalling the geometry of the tubular
domain 2. Define the operators

N L YR R LA C)
W= 29 (A( )as> dD: a6 (4.4)

The operator D should be understood as a multiplication operator on L2(0, 1)
by the strictly negative function —27W (-)A(-)~'. Then the first of the equa-
tions in (4.1) can be cast into first order form by using the rule

omarworaons = 21 ][]
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Henceforth, let

0 p!

0
Lw = {pc(s)QW 0

0
:| : Zw — Xw and Hy = |:0 C(S)QD

:|:XW4>XW

where the Hilbert spaces are given by

Zyy = (H{ll}(o, 1) N H*(0, 1)) x Hp,(0,1), Xy = H},(0,1) x L2(0,1)
where  H[;1(0,1):={f € H'(0,1) : f(1) = 0}.

Clearly we have Hy € L(Xw ), H{j, = Hw, and this operator is negative in

the sense that (Hw [Z ], [Z ay = —27 fol |22(s)[2 W (s)e(s)2A(s) " ds < 0.

So, the operator a Hyy for o > 0 satisfies assumption (i) of Theorem 3.2 with

b =0 and also assumption (ii) of the same theorem with X = X.
The Hilbert spaces Zy and Ay are equipped with the norms

respectively. We will use the energy norm on Ay, which for any p > 0 is
defined by

(3112, = llz1lF00) +l22lFnry  and

[2]”?{1(0,1»@2(0,1) = ||21H%11(0,1) + ||Z2H%2(0,1)7

1 1
12 =5 (o [ O G s+ o [l e as).
0 et Jo

(4.5)
This is an equivalent norm for Xy because the conditions (4.3) hold and
\/iHZlHLQ(O,l) < 211l z2(0,1 for all 21 € H{ll}((), 1). To see that the Poincaré
inequality holds in H{ll}(O7 1), note that for smooth functions z with z(1) =
0, one has from the fundamental theorem of calculus that

1
1= | [ 20 dt\ < (1= 9" 0.

From this, we proceed by squaring and integrating with respect to s, and
then passing to general Sobolev functions by approximation.

We define Uy := C with the absolute value norm |lugllzs, = |uo|. The
endpoint control and observation functionals Gw : Zw — Uy and Ky :
Zw — Uy are defined by

Gw 5] = 5 i((?))) (—=pc(0)21(0) + 22(0))  and
Kiw [2] = )2 (=pe(0)4(0) = 2(0))

14



Now the generalised Webster’s horn model (4.1)—(4.2) for the state z(t) =

[:ﬁg” takes the form

d[vm] _ ()
;t t[)ﬂf)(};w [(;Z;f o [m] | (4.6)
and
a0 = Kw [ 4] (4.7)

for all ¢ € RT. The initial conditions are [igg” = wg |. The state variable
m = py; has the dimension of pressure, as for the wave equation.

The impedance passive version of the following Theorem 4.1 is given in
[2, Theorem 5.1], and it would be possible to deduce parts of Theorem 4.1
from that result using the external Cayley transform [30, Definition 3.1].

Here we give a direct proof instead.

Theorem 4.1. Let the operators Ly, Hy, Gw, Kw, and spaces Zyy, Xy,
Uy be defined as above. Let [%0] € Zw and & € C*(RT;C) such that
the compatibility condition Gy [i’g} = u(0) holds. Then for all « > 0 the
following holds:
(i) The triple ng) = (Gw, Lw + aHw,Kw) is a scattering passive,
strong boundary node on Hilbert spaces (Uy , Xw,Uw ).
The semigroup generator Aw, = (Lw + aHw) ’ker(GW) of ng) sat-

isfies A;V,a = (—Lw + aHy) |ker(KW) and 0 € p(Aw,q) ﬂp(A’{jV,a).

(ii) The equations in (4.6) have a unique solution [¥] € CY(RT; Xw) N
C(R™; Zy ). Hence we can define § € C(R™;C) by equation (4.7).

(iii) The solution of (4.6) satisfies the energy dissipation inequality

drem]y2 < N2 )2 +
ZI[ L0y <la®P - 13)P . ter®. (4.8)

(W)

Moreover, Zy "’ is a conservative boundary node, and (4.8) holds then as an
equality.

Under the assumptions of this proposition, we have ¢ € C(R*; H2(0,1)) N
CHR*; HY(0,1)) N C3(RT; L%(0,1)).

Proof. Claim (i): By Theorem 3.2, it is enough to show the conservative
case a = 0. Let us first verify the that the Green-Lagrange identity

2Re (3], Lw [A)aw + |1 Ew [3] = [Gw 3] (4.9)
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holds for all [31] € Zw. By partial integration, we get
2Re (2], Lw [ )y = ~AO)Re ([(0)2(0)) -

Now (4.9) follows since |G [2] ~ [Kw [2]” = ~A(0)Re (2](0)2(0))
just as in equations (5.14) — (5.15).

It is trivial that Gw Zw = Kw Zw = Uy since dimUyy = 1 and neither
of the operators Gy and Ky vanishes. We prove next that Ly maps
ker (Gw) bijectively onto Xy. Now, [Z1] € ker (Gw) and [} ] € Xw satisfy

Ly [2] = [%] if and only if 2z = pw; and
g 0z . A()UJQ _ / _ wl(o)
ds (A( ) s ) pC(-)2 ) Zl(l) =0, 21(0) - (/(0) :

Since this equation has always a unique solution z; € H2(0,1) for any w; €
{1}(0 1) and wo € L?(0,1), it follows that Lyker (Gy) = Xy and 0 €

(AW()) where AWO = LW‘ke (Gw)

conclude by Proposition 2.4 that =

is the semigroup generator of E(()W). We

( )

is a conservative boundary node as
claimed. That _,(1 ) is passive for o > 0 with semigroup generator Ay, =
(Lw + aHw) |ker(GW) follows by Theorem 3.2.

Because Hy;, = Hy € L(X) is dissipative, we may apply Theorem 3.2
=N = (Kw, —Lw, Gw)
to conclude that the boundary node (K, —Lw + aH};,, Gw) is passive as
well. Claim (iii) of Proposition 3.3 implies that A}, , = (—Lw + aHw) ‘ker(KW).

again to the time-flow inverted, conservative node (

Let us argue next that 0 € p(Aw,a) Np(Ajy,) for a > 0. Because Ay, is
a compact resolvent operator, it is enough to exclude 0 € o,(Aw,o). Suppose
Aw,az0 = 0, giving Re (Aw,020, 20) y+Re (aHw 20, 20) y = Re (Aw,a20,20) y =
0. Thus

Re (Aw,020, 20) , = aRe (~Hyw 20, 20) x = al|(—=Hw)" 2|3 = 0

by the dissipativity of both Ay and Hyy, and the fact that —Hy is a
self-adjoint nonnegative operator. Thus zy € ker (Hy) and hence Aw,ozo =
(Awo + aHw)zo = Awazo = 0. Because 0 € p(Aw,) has already been
shown, we conclude that zy = 0.

The node Eéw> is strong (i.e., Ly is closed with dom (Ly) = Zw) since
Lw = Ly and Ljy = =Lw | gy 1, ) Where

dom (L%y) = {[w} € H} 1 (0,1) N H2(0,1) x H(0,1) : 21(0) = o}
which is dense in Xy and satisfies dom (L{},) C dom (L ). That = =W i
strong for a > 0 follows from Hy € L(X) as explained in Theorem 3.2.

Claims (ii) and (iii) follow from Proposition 2.2 and Eq. (2.4). O
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5 Passive wave equation on wave guides

Define the tubular domain 2 C R? and its boundary components I, T'(0),
and I’(1) as in Section 1. Each of the sets I, I'(0), and I'(1) are smooth
manifolds but dQ = T UT(0) UT(1) is only Lipschitz. Other relevant prop-
erties of Q and 99 are listed in (i) — (iil) of Appendix A where we also make
rigorous sense of the Sobolev spaces, boundary trace mappings, Poincaré
inequality, and the Green’s identity for such domains.

Following [26, Section 3|, we consider the linear dynamical system de-
scribed by

(btt( t) = 2Ap(r,t) forrc QandtcRF,

(’ay % (r,t) + pi(r,t) =2 A u(r,t) forr € T'(0) and t € RT,

¢(r,t)=0 forrel(1)andte€RT, (5.1)
¢(r t) +agi(r,t)=0 forrel, and t € R", and

¢(r,0) = ¢o(r), p¢i(r,0) =po(r) forre,

together with the observation y defined by

c%(r t) — ¢e(r,t) =2 740 y(r,t) forrel'(0)andteRT. (5.2)
This model describes acoustics of a cavity 2 that has an open end at I'(1)
and an energy dissipating wall I". The solution ¢ is the wvelocity potential
as its gradient is the perturbation velocity field of the acoustic waves. The
boundary control and observation on surface I'(0) (whose area is A(0)) are
both of scattering type. The speed of sound is denoted by ¢ > 0. The
constants & > 0 and p > 0 have physical meaning but we refer to [26] for
details. Note that if a = 0, we have the Neumann boundary condition
modelling a hard, sound reflecting boundary on I'. Our purpose is to show
that (5.1)—(5.2) defines a passive boundary node (conservative, if « = 0 by
a slightly different argument in Corollary 5.2) by using Theorem 3.1 with

the aid of the additional signals @ := \}gf + Vag, (that will be grounded)

and 7 : \lf 5, — Vg (that will be disregarded) on the wall T.
The boundedness of the Dirichlet trace implies that the space

Hi (@) = {1 € H' () fpy, = 0} (5:3)

is a closed subspace of H'(2). Define
z = H (@) Af e 120), 2 LAT()ur 5.4
= eHly@:Afe @), 50| e rroun) ()
with the norm HfH2 ||f||H1(Q + HAfH%z(Q) + H%h‘(o)UFH%Q(F(U)UF). Then
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the operator

0 of L 5
5|F, S f e 5, liesin L£(2 A1) for T € {T(0),[,T(0)UT}.
} (5.5)
The spaces Z, X', and the interior operator L are defined by
o ],z :
L= [MA . ] L2 X with 56

Z~ = Z~, X HI{(I)(Q) and X = HI{(I)(Q) X LZ(Q)

where H%(l)(ﬂ) and Z' are given by (5.3) and (5.4). For the space X, we
use the energy norm

1 1
1211 = 5 (191l + slalig) - (57)

The Poincaré inequality ||z1|12(q) < Ma||Vz1|l12(q) holds for 2z € Hll(D(Q)
as given in Theorem A.4 in Appendix A. Therefore (5.7) defines a norm on
X, equivalent to the Cartesian product norm

%] ||§{1(Q)><L2(Q) = Hz1HZLZ(Q) + HV21H%2(Q) + H22||2LZ(Q)

so that ~Z~' C X with a continuous embedding, and L € L'(Zj’ ; X) with respect
to the Z-norm

HEE = llel%, + l22llEe @) + 1V220 ()
Defining U := L*(T'(0)) and U := L*(I") with the norms
l[uollZ = A(0)~{luoll72(r(oy) and [|olly = I|oll L2y, (5.8)

we get U ®U = L*(['(0) UT) where we use the Cartesian product norm of
U and U.

The boundedness of the Dirichlet trace and the property (5.5) of the
Neumann trace imply that [§ ] € L(Z;U ®U) and [ ]e LZUBU)
where

{G} {2’1] 1 A;SS) (pc%‘r(o) + 22|F(0)> and
z9 ’ 2

Ca %%iﬂr + %ZQ}F (5.9)
{K} |:ZI:| _1 \/@ (Pc%yr(o) - Z2|r(o))
Ka Z92 ’ 2 ﬁ% @

Va ov - \/522|r

The reason for defining the triple Z, = ([G‘Ga] L, []I(ZD is to obtain

first order equations from (5.1), using the equivalence of ¢y = c>A¢ and
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% [45] = [pch ”;1] [ } where p = p¢; is the sound pressure. More pre-
cisely, equations (5.1)—(5.2) are (at least formally) equivalent with

4 [¢(t)] . '¢<t>}
t )
p(t) |p() (5.10)
uv)] _[a] ot
0 Ga | p(t)|’
e 0] _[K] o)
y(t t
o) = i) oto] (>0
for t € RT, with the initial conditions [ﬁ((gg } = [ﬁg] The Green—Lagrange
identity

2Re ([3], L3N + [ &) [B]leg = 18] 13

207 for all [2] € Zz

B (5.12)
is a key fact for proving the conservativity of Z,, and we verify it next

Green’s identity (Theorem A.3 in Appendix A) gives

pc2Azy

1
= 2Re 3 ( / VZzi-V(z2/p) dV + p— <pc AZ1,22>L2(Q)>
(5.13)
——29 dA
r(o)urur(l 31’

071 021
= Re < ‘r(o)’z2‘r(0)>L2(F(0>) + Re < |p7 2| >L2(r)

because z2|F(1) =0 by (5.6). On the other hand, we obtain

2Re ([%],L[%])x = 2Re <[22] [,,7122 ]>x

IG (21l = A0) (G 2], G [3]) 2o (5.14)
821 2

821
- + 2pcRe <— 22 >
v IT(0) L) v {F(O) |F(0)

1 2.2
4pc(pc

and also

2

L2(1(0))

2

2(r) )’

+ |22
L2(1'(0)) H |F(0)‘
1K (2117 = A) " (K [5], K [2]) 2oy

1 82’1 8 Z1
— | p°c — 2pcRe < , 22 >
dpe ( EyAL } 2y !r(o) ‘r(o)
where G [ZL] and K [Z}

Z1] are the first components in (5.9) respectively

(5.15)

+ HZZ‘F(O)‘
L2(T(0))
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Similarly, we compute the two terms needed in
1Ga (317 — 1 Ka (]I (5.16)

=(Gu[24],GualZ }>L2(p) (Kal2], KalZ ]>L2(1“):Re<621‘r7 2| >L2(1")’

where G, [71] and K, [7] are the second components in (5.9) respectively.
Now (5.13) — (5.16) implies (5.12) as required.

We proceed to show that the the triple =, := G|Z 7L‘Z 7K|Z ) for
all @ > 0 is a scattering passive boundary node on Hilbert spaces (U, X U)
with the solution space

z 5 0z
Z, = { Lj €z x H;(l)(Q) ! |F ZZ,|F = 0}. (5.17)
Note that Z, is a closed subspace of Z because G, € E(é,];{) and Z, =
ker (Go). Therefore, we can use the norm of Z on Z,. The conservative
case o = 0 is slightly different, and it is treated separately in Corollary 5.2.

Theorem 5.1. Take o > 0 and let the operators L, G, K, and Hilbert spaces
X, U, and Z, be defined as above. Let [ﬁg} € Z, and u € C*(RT;U) such
that the compatibility condition G [ﬁg} = u(0) holds. Then the following
holds:

(i) The triple =, = G‘Z ,L!Z ,K’Z is a scattering passive boundary
node on Hilbert spaces (U, X ,U) with solution space Z,. The semi-
group generator Ay = L}ker(G)nker(GQ) of 24, satisfies A}, =
and 0 € p(Aq) Np(AL).

_L’ker(K)ﬂker(KQ)

(ii) The equations® in (5.10) have a unique solution [2] € CIR+;x)N
C(R*; Z,). Hence we can define y € C(RT;U) by equation (5.11).

(iii) The solution of (5.10) satisfies the energy dissipation inequality
d
ZI[o0 1% < @I~ ly®IE, te®R™  (518)

It follows from claim (i) and the definition of the norms of Z, and X
that ¢ € CHRT; HL(Q)) N C2(R*; L2()), Vo € CHRT; L?(;R3)), and
Ag¢ € C(R*; L2()). These are the same smoothness properties that have
been used in [26, see, in particular, Eq. (1.4)] for deriving the generalised
Webster’s equation in (1.3) from the wave equation.

“Note that (2.1) is equivalent with (5.1) and (5.10) in the context of this theorem.
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Proof. Claim (i): By Theorem 3.1 and the discussion preceding this theo-
rem, it is enough to show that =, = ([c?ﬂ ,L, [I{D introduced above is a
conservative boundary node which is easiest done by using Proposition 2.4.
Since the Green—Lagrange identity (2.6) has already been established, it
remains to prove conditions (i) (with [§ ] in place of G) and (iv) (with
[[é] in place of K) of Proposition 2.4 with § = v = 0. It is enough to
consider only 8 = v = 0 because the resolvent sets of L‘ker(G) and 7L|ker(K>
in Proposition 2.4 are open, and then the same conditions hold for some
B,y > 0 as well.

For an arbitrary g € L2(I'(0) UT) there exists a unique variational®
solution z; € Hll(l)(Q) of the problem

821

E‘F(O)UF =9 (5.19)

Azl = 07 Zl’l"(l) = 07

|F(0)UFZ’ = L%(T(0) UT) which obviously gives

Since 21 € Z', we have %
both %|F(O)é/ = L3(T(0)) and Z|.2" = L*(T). Clearly 2’ & {0} C Z and

the surjectivity of [g; } follows from

HlGE

To see this, for a given h € L2(T'(0) UT), we choose

)
A(0)peg,; }F(O):| 2

ﬁ@|
Va ovlir

1
. 2\/Wh, on I'(0),
Q%h, on I’

in (5.19) to find a function z; so that [GGH] [§] = h. The surjectivity of
[ I?a ] is proved similarly.
To show that Lker([&]) = L (ker (G) Nker (G,)) = X, let [ws] € X

be arbitrary. Then [wi] = L[3] = [p‘;;;zjl] for [Z1] € ker (G) Nker (Gy)
if and only if zo = pw; and the variational solution z; € Hll(U(Q) of the
problem

0z 0z
pc? Az = wy, Z1|F(1) =0, T:’r = *O‘pw1|rv 0371%@ = *wl‘r(o)

exists and belongs to the space Z’. Now, this condition can be verified
by standard variational techniques because ws € L2(Q) and w; € Hll(l)(Q)

which implies wlyr(w € HY2(D(0)UI') € L*(T'(0)UT). That Lker ([ £ ])

®We leave it to the interested reader to derive the variational form using Green’s identity
(A.9) and then carry out the usual argument by the Lax—Milgram theorem; see, e.g., [12,
Lemma 2.2.1.1].
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X is proved similarly. All the conditions of Proposition 2.4 are now satisfied
with 8 =~ = 0, and thus =, is a conservative boundary node. It now follows
from Theorem 3.1 that =, is a passive boundary node which has the com-
mon semigroup generator A, = L}ker(G)ﬂker(Ga) with the original conserva-

tive boundary node Z,. By [29, Theorem 1.9 and Proposition 4.3], the dual
system of =, is of boundary control type, and it coincides with the time-flow
inverted boundary node = . Now, the unbounded adjoint A}, is the semi-
group generator of the dual system Z¥, and hence A%, = —L
as claimed.

It remains to show that 0 ¢ o(A,). We have already shown above that
Aqdom (A,) = X with dom (Ay) = ker (G) Nker (Go), and the remaining
injectivity part follows if we show that ker (L) N ker (G) N ker (G,) = {0}.
This follows because the variational solution in H'(2) of the homogenous
problem

ker (K )Nker(Kq)

821

v |F(0)uF =0

Az1 = 07 21|F(1) = 07

is unique. That 0 ¢ o(Ay) follows similarly by considering the time-flow
inverted system Zf instead.

Claims (ii) and (iii): Since scattering passive boundary nodes are inter-
nally well-posed, it follows from, e.g., [29, Lemma 2.6] that equations (2.1)
are solvable as has been explained in Section 2. O

Corollary 5.2. Use the same notation and make the same assumptions as
in Theorem 5.1. If a = 0, then claims (1) — (iii) of Theorem 5.1 hold in
the stronger form: (°) the triple 2y := (G’ZO,L’ZO,K|ZO) is a scattering
conservative boundary node on Hilbert spaces (U, X,U) with the solution
space 2y = Z} x Hll(l)(Q) where

- d )
Zy = {f € Hy)(Q) : Af € L*(Q), a%'F(O) € LX(I'(0)), %\F =0}; (5.20)

and (iii’) the energy inequality (5.18) holds as an equality.

Claim (ii) of Theorem 5.1 remains true without change. Thus, the solution
¢ has the same regularity properties as listed right after Theorem 5.1.

Proof. Because the operators G, and K, refer to 1//a, we cannot simply
set a = 0 in the proof. This problem could be resolved by making the norm
of U dependent on o which we want to avoid. A direct argument can be
given without ever defining =,. To prove the Green—Lagrange identity

2Re([Z], LIADx + K [2]7 = IG[A]IZ for all [Z] € 2 (5.21)

for Ep, one simply omits the last term on the right hand side of (5.13) by

using the Neumann condition % = 0 from (5.20). Then (5.21) follows

e
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from (5.13)—(5.15), leading ultimately to (5.18) with an equality. The re-
maining parts of claim (i’) follow by the argument given in the proof of
Theorem 5.1. O

This result generalises the reflecting mirror example in [29, Section 5],
and further generalisations are given in Section 6.

6 Conclusions and generalisations

We have given a unified treatment of a 3D wave equation model on tubular
structures and the corresponding Webster’s horn model in the form it is
derived and used in [25, 26]. Both the forward time solvability and the energy
inequalities have been treated rigorously, and the necessary but hard-to-find
Sobolev space apparatus was presented in App. A. The strictly dissipative
case was reduced to the conservative case using auxiliary Theorems 3.1 and
3.2 that have independent interest.

Theorem 5.1 can be extended and generalised significantly using only
the techniques presented in this work. Firstly, a dissipation term, analogous
with the one appearing in Webster’s equation (4.1), can be added to the
wave equation part of (5.1) while keeping rest of the model the same:

Corollary 6.1. Theorem 5.1 remains true if the wave equation ¢y = c2Ad
in (5.1) is replaced by ¢y = c2Ad + g(-)p: where g is a smooth function
satisfying g(r) <0 for allr € Q.

Indeed, this follows by using Theorem 3.2 on the result of Theorem 5.1 in the
same way as has been done in Section 4. Even now the resulting negative
perturbation H on the original interior operator L in (5.6) satisfies H €
L(X). The same dissipation term can, of course, be added to Corollary 5.2
(where oo = 0) as well but then the resulting boundary node is only passive
unless g = 0.

Theorem 5.1 can be generalised to cover much more complicated geome-
tries  C R3 than tube segments with circular cross-sections. Inspecting the
construction of the boundary node =, and the accompanying Hilbert spaces
in Section 5, it becomes clear that much more can be proved at the cost of
more complicated notation but nothing more:

Corollary 6.2. Let Q@ C R3® be a bounded Lipschitz domain satisfying
standing assumptions (i) — (iv) in App. A. Denote the smooth boundary
components of Q by I'; where j € J C N satisfying 0Q = UjeJlTj. Let
J = Jy U Ja U Js where the sets are pairwise disjoint, and at least Jiand J3
are nonempty. Define the open Lipschitz surfaces I'(0),I',I'(1) C 99 through
their closures T(0) = Ujes, T, T = Ujep, Ty, and T(1) = Ujey,T;, respec-
tively. Let o = {aj}jeg, C (—00,0] be a vector of dissipation parameters.
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Then the wave equation model (5.1) with equations

0 0

aja—f(r,t) + 8—5(1’,15) =0 forallrely, t>0, andj e Jo

in place of the fourth equation in (5.1) defines the boundary node =, and
the Hilbert spaces X, U, and Z, in a same way as presented in Section 5.
Moreover, Theorem 5.1 and Corollary 5.2 (where a;; = 0 for all j € J3) hold
without change.

In particular, the set ) may be an union of a finite number of tubular
domains described in Section 1. Even loops are possible and the interior do-
main dissipation can be added just like in Corollary 6.1. This configuration
can be found in the study of the spectral limit behaviour of Neumann—
Laplacian on graph-like structures in [15, 35].

Comments on the proof. The argument in Section 5 defines =, the Hilbert
spaces X, U, and Z,, and the Green-Lagrange identity by splitting 02
into three smooth components and patching things up using the results of
App. A. The same can be done on any finite number of components since
the results of App. A are sufficiently general to allow it. The solvability of
the variational problems in the proof of Theorem 5.1 do not depend on the
number of such boundary components either. O

There is nothing in Section 5 that would exclude the further generalisa-
tion to  C R™ for any n > 2 if standing assumptions (i) — (iv) in App. A
remain true. If n = 2 and Q is a curvilinear polygon (i.e., it is simply
connected), the necessary PDE toolkit can be found in [12, Section 1].

Also Theorem 4.1 has extensions but not as many as Theorem 5.1.
Firstly, the nonnegative constant o can be replaced by a nonnegative func-
tion a(-) € C[0, 1] since the s-dependency is already present in the operator
D in (4.4). Secondly, strong boundary nodes described by Theorem 4.1
can be scaled to different interval lengths and coupled to finite transmis-
sion graphs as explained in [2] for impedance passive component systems.
The full treatment of a simple transmission graph, consisting of three Web-
ster’s horn models in Y-configuration, has been given in [2, Theorem 5.2].
More general finite configurations can be treated similarly, and the resulting
impedance passive system can be translated to a scattering passive system
by the external Cayley transform [30, Section 3], thus producing a gener-
alisation of Theorem 4.1. We note that there is not much point in trying
to derive the transmission graph directly from scattering passive systems
since the continuity equation (for the pressure) and Kirchhoff’s law (for the
conservation of flow) at each node is easiest described by impedance notions.

That Theorem 3.2 cannot be used for all possible dissipation terms is
seen by considering the wave equation with Kelvin—Voigt structural damping
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term 9 9

bu =it g (B ) where 520 61)
For details of this dissipation model, see, e.g., [24]. To obtain the full dy-
namical system analogous to the one associated with Webster’s equation, the
same boundary and initial conditions can be used as in (1.3) for § € C*°[0, 1]
compactly supported (0, 1). Thus the operators Gy and Ky do not change.
Following Section 4 we use the velocity potential and the pressure as state
variables [¥]. We define the Hilbert spaces Zy and Xy similarly as well as
the operators

0 -1
LW::[ 9 p

pca—i 0}:ZW%XWand
Js

H:= [8 %(5?5)%)} :dom(H) C Xw — Xw
where dom (ﬁ) = H{ll}(O,l) x {f € L*0,1) : ﬁ(s)% € HY(0,1)}. The
physical energy norm for Xy is given by (4.5) with A(s) = X(s) = 1 rep-
resenting a constant diameter straight tube. If the parameter § = 0, the
colligation (Gw, Ly, Ky) is a special case of the conservative system ESW)
described in Theorem 4.1. Clearly, the domain of H cannot be further ex-
tended without violating the range inclusion in Ay,. On the other hand, the

inclusion Z C dom (.FNI ) required by Theorem 3.2 is not satisfied.
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A Sobolev spaces and Green’s identity

We prove a sufficiently general form of Green’s identity that holds in a tubu-
lar domain € (that has a Lipschitz boundary) with minimal assumptions on
any functions involved. We make the following standing assumptions on 2:

(i) Q is a bounded Lipschitz domain so that Q locally on one side of is
boundary 9€2;

(ii) there is a finite number of smooth, open, connected, and disjoint (n —
1)-dimensional surfaces I'; with the following property: the boundary
0% is a union of all T';’s and parts of their common boundaries I'; NI,
for j # k;

(iii) H"3(T; NT) < oo for all j # k where H™(M) is the m-dimensional
Hausdorff measure for 1 <m <n of M C R™; and

(iv) for each j, there is a C'*° vector field v; defined in a neighbourhood of
2 such that v;(r) is the exterior unit normal to I'; at r € T';.

That I'; C R™ is an open, bounded, and smooth (n — 1)-dimensional surface
means plainly the following: there is an open and bounded fj c R"! and
a C°-diffeomorphism ¢; from fj onto I';. The pair (qu,fj) is a global
coordinate representation of I';.

The boundary conditions in Section 5 involve Dirichlet conditions on
some parts of the boundary 092 and Neumann type conditions on other
parts of the same connected component of 92. All this is in contrast with
the inconvenient technical assumption on 99 in, e.g., [17, 29, 43] that must
be avoided in the verification of the Green-Lagrange identity in Section 5 and
elsewhere. We need a version of Green’s identity suitable for this situation.
This is in Theorem A.3 below. The key fact ensuring the validity of this
identity is that the interfaces where we switch between different boundary
conditions are so small that Sobolev functions do not see them. That this is
the case is a consequence of the assumption (iii) above, and it is expressed
rigorously in the following auxiliary result.

29



Lemma A.1. Let Q be a bounded domain with a Lipschitz boundary, and
let E C R™ be a compact set of zero capacity; i.e.,

— 2 2 _
C(E) ._uelg(fE)/Rn (juf +[ul?) av =0 (A1)

where
SE):={ueC®R"):0<u<1inR" andu=1 in N, where N is open and E C N}.
Then

(i) the set Dp(R™) is dense in H'(R™) where

Dr(R") := {u € D(R") : u vanishes in an open neighbourhood of E}; and
(A.2)

(ii) the set o
Dp(Q) :={u|, : u € Dp(R™)}

is dense in H'(€)).

Proof. Claim (i): Let u € H'(R") and & > 0. Then by [12, Theorem 1.4.2.1]
there is v € D(R") such that [[u — v||g1grn) < €/2.
By the vanishing capacity assumption (A.1), there is a sequence {¢;}j=12,.. C

C*(R™) such that <Pj|N, = 1 for some neighbourhoods N; of E, and also
J

lim <|<,0j|2 + \wj|2) dv =0. (A.3)
J—00 Rn

Defining v;(r) := v(r)(1 —¢;(r)) we see that each of these functions satisfies

vj € Dp(R™). It remains to prove that [[v; — v g1(grny < €/2 for all j large

enough, since then

llvj = ull ey < llvj — vl g @ny + lu — vl g @ey <e.

By possibly replacing {¢;}j=12,.. by its subsequence, we may assume that
¢; — 0 pointwise almost everywhere; see [36, Theorem 3.12]. Because
|vj(r)| < |u(r)| for all r € R and j = 1,2, ..., we have v; — v in L2(R") by
the Lebesgue dominated convergence theorem. For the gradients, we note
that V(vj —v) = —p;Vv — vVy;. Thus |[V(v; —v)| — 0 in L?(R"), since
both ¢; and |V;| tend to zero in L*(R™) by (A.3).

Claim (ii): Let v € H*(Q) and take ¢ > 0. Since Q has a Lipschitz
boundary, there is an extension operator T' € L(H'(Q); H'(R")) such that
(Tw) ‘Q = u; see [12, Theorem 1.4.3.1]. By claim (i), there is a function
v € Dg(R™) such that

lu =/l < 1T —vlmEn <e

which completes the proof. O
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Let us review the Sobolev spaces and the boundary trace mappings on §2
and 02 when the standing assumptions (i) — (iv) above hold. The boundary
Sobolev spaces H*(9Q) and H*(I';) for s € [—1,1] are defined as in [12,
Definitions 1.2.1.1 and 1.3.3.2]. The zero extension Sobolev spaces on T';
are defined by

H* (L) :=={ue H*(I'y) : u € H*(0Q)}

for s € (0, 1] where

if Iy
i) = ) Hrely (A4)
0 ifred\r;.
We use the Hilbert space norms HuH[{s(Fj) := ||@)l s (a02)- The space H*(T;)

is closed in this norm since restriction to I'; from 02 is a bounded operator
from H*(0R) to H*(I';) for 0 < s < 1. This boundedness follows trivially
by restriction using the Gagliardo seminorm, see [12, Eq. (1,3,3,3) on p. 20].
Then H*(9Q) C L?(9Q) and H*(T;) ¢ H*(T;)  L*(T';) with bounded
inclusions.

The Dirichlet trace operator + is first defined for functions f € D(Q)
simply by restriction v f := f|6Q. This operator has a unique extension to
a bounded operator v € L(H(Q); H/?(09)); see [12, Theorem 1.5.1.3] and
Lemma A.1. All this holds for any Lipschitz domain €.

We define the Neumann trace operator separately on each surface I';
using the vector fields v;. Such an operator 'yja%j is first defined on D(Q)

(with values in L2(0Q)) by setting (’yja%jf) (r) := v(r) - Vf(r) for all
r € I';; here v f := f’rj and 6%]_ :=v;-V. It is easy to see that a—fj c HY(Q)
and hence ’Vj% has an extension to an operator in £L(H?(Q2); H'/?(T;)) by
[12, Theorem 1.5.1.3]. We then define the full Neumann trace operator Va%
on U;T'; by

’yg(r) = ’yjﬁ(r) for all f € H*(Q) and (almost) all reT);.
ov 81/_7‘

Note that the function ’yg—l{ is not defined at all on the exceptional set of
capacity zero

E = Uju(T; NTy) (A.5)

of the non-smooth part of 9Q. That C(E) = 0 follows from the standing
assumption (iii) by [6, Theorem 3, p. 154].
We need to extend each ’Yja%j to the Hilbert space

E(A;LX(Q) = {f € HY(Q) : Af € L*(Q)}
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that is equipped with the norm defined by HfHQE(A,Lz(Q)) = Hf”%il(ﬂ) +
N,

We use an appropriate L? space as the pivot space for Sobolev spaces
and their duals.

Proposition A.2. Let the domain  C R" satisfy the standing assumptions
(i) ~ (iv).
(i) Then each Neumann trace operator fyja%j (originally defined on D(L2))
has a unique extension (also denoted by ’yjail,]) that is bounded from
E(A; L*(Q)) into the dual space of HY?(T;).

(ii) We have
Ou
/Q (Au)vdV + /QVu -VodV = ; <vj$,7jv>

for all uw € E(A; L*(Q)) and v € HY(Q) such that vjv € H/*(T;) for
all j.

(AL/2(T)14,HY2(T;)

Proof. The classical Green’s identity for u € D(Q) and v € Dg(fQ) is
G
/ (Au)vdV +/ Vu- VudV = Z/ =0 dA, (A.6)
Q Q " T an
J J

where F is the exceptional set in (A.5). Indeed, since v vanishes near the
interfaces T'; N T, for § # k, we may initially apply Green’s identity just
like (A.6) but over a subdomain of 2 that has been obtained from Q by
rounding slightly at all OI';’s but preserving essentially all of 2. Then we
get (A.6) by rewriting the result as integrals over the original Q and the
original boundary pieces I';, noting that on additional points the integrands
vanish because v € Dg(Q).

It follows from (A.6) that we have for u € D(Q) and v € Dg(Q) the
estimate

ou
Z <’Yj$»7jv> < ullgasce@)) - 4vlla @) (A7)
j J L2(T;)

Because Dg(Q) is dense in H'(Q) by Lemma A.1 and v € L(H'(Q); HY/?(9Q))
by the trace theorem [12, Theorem 1.5.1.3], we conclude that (A.7) holds
for all uw € D(Q) and v € HY(Q).

Fix now j and g € H'/?(T;), and define § € H'/2(9Q) by (A.4). Because
the Dirichlet trace v : H'(Q) — H'Y2(8Q) is bounded and surjective, it
has a continuous right inverse P € L(HY?(9); H'()), see [12, Theorem
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1.5.1.3]. Thus there exists v € H'() such that yjv = § r. =g and v =
J
0 for k # j; we may choose v = Pg. From this, we have the estimate
vl @) < Kllgllmzon) = Kllglgrar,):
It follows from all this and (A.7) that we have

[@g(u)| < Kllull a2 - 19l g2, (A.8)

for all g € HY?(T;) where ®,(u) := <Fy%,§> for

L2(09)) = <ryj§)7;i]" g>L2(FJ)
u € D(Q). Since D(Q) is dense in E(A; L2(R2)) by [12, Lemma 1.5.3.9], we
may extend 4, g € f]l/z(l_‘j), by continuity to a continuous linear functional
on E(A; L%()) satisfying estimate (A.8), too.

For each fixed u € E(A; L%*(f)), the mapping g — ®,4(u) is a contin-
uous linear functional on H'/ 2(I'j) by (A.8). Hence, there is a represent-
ing vector — denoted by 'ng—fj — in the dual space [HY/ 2(I';)]¢ such that

— (. Ou
Pol) = <% v >[ﬁ1/2(rj>]dﬂ1/2<rn
lows by a density argument using claim (i) and (A.8). O

. This proves claim (i). Claim (ii) fol-

Theorem A.3 (Green’s identity). Let the domain  C R™ satisfy the stand-
ing assumptions (i) - (iv) above. Assume that u € HY(Q) is such that
Au € L*(Q) and satisfies 2—5 € LZ(U;?:IFJ) for some 1 < k < n. Then the
Green’s identity

k n
ou ou
Au vdV—!—/ Vu-VodV = E / —uvdA+ E <’y-f,7-v>
/Q( ! @ j=17T; v ot [HY/2(T))),HY2(T )

j=k+1
. (A.9)
holds for functions v € HY(Q) such that vjv € HY?(T;) for k+1 < j <n.

For n = 2, this is a generalisation of [12, Theorem 1.5.3.11]. See also [12,
discussion on p. 62] for domains with C'!-boundaries. The assumption
% € LQ(UleFj) simply means that 'yjaa—;ij % L3Ty) for all j = 1,2,...,k
where ’ng—;‘j is understood as an element of [H'/?(T';)]¢ which space includes
L*(T;); see Proposition A.2.

Proof. As explained above, we have vjv,'ng—fj € LQ(I‘J-) forall j=1,...,k.
Then (A.9) follows from claim (ii) of Proposition A.2 under the additional
assumption that vju € H'/2(T;) for all j. The functions in Dg(Q) clearly
satisfy this additional assumption, and they are dense in H'(£2). This proves
the claim. O

An alternative to the above piecewise construction is to start with the
global Neumann trace ’y%u defined for v € E(A;L?(Q)) with values in
H~2(99), see, e.g., [45, Theorem 13.6.9]. The global Neumann trace 'ya%u
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can be restricted to the spaces f]l/Q(Fj), and claim (ii) of Proposition A.2
follows from a global Green’s identity in a general Lipschitz domain. How-
ever, one still needs Lemma A.1 to prove Theorem A.3.

It remains to prove the Poincaré inequality that is used to show that the
expression (5.7) is a valid Hilbert space norm for the state space. Let I'; be
one of the boundary components of 92 as described above. By the standing
assumptions (i) and (ii) given in the beginning of this appendix, the set T';
has a finite, positive area A; = frj dA. Thus, we can define the mean value
operator M; : H'(2) — C on I'; by

1
]M-u:—/ yiudA,
J Aj r, J

It is clear that M; is a bounded linear functional on H'(f2), and we may
regard it as an element of L(H'(Q)) safistying MJ2 = M; by considering
Mju as a constant function on ).

Theorem A.4 (Poincaré inequality). Let the domain Q C R™ satisfy the
standing assumptions (i) — (iv) above, and let I'; be one of the boundary
components of 0. There is a constant C' < oo such that

lu — Mjull120) < ClIVullp2(q) (A.10)
for allw € HY(Q). Thus, we have ||u 20y < Cl|Vullp2(q) foru € H(Q)nN
ker (v;).

Proof. The argument is a standard argument by contradiction using the
Rellich-Kondrachov compactness theorem, see e.g. [6, Theorem 1, p. 144]).
For a contradiction against (A.10), assume that there exist functions uy €
H'(Q) such that there is the strict inequality

lur — Mjugllr2) > kllVugllr2@) for k=1,2,....

None of the functions uy are constant functions since for such functions
(A.10) holds for any C' > 0. So, we can define the functions
Uk — Mjuk
Vg im
[luk — Mj“kHL2(Q)
satisfying for all k the normalisation [|vg||z2) = 1 and also Mjv, = 0 by
using MJ2 = Mj. Since

HV“kH%z(Q) 1
[Vog|? = ———— o — < —
Huk - MjukH%Z(Q) k2

by the counter assumption, we get

1
lorliz (@) = el ) + IVorllZe@) <1+ s
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Since the embedding H'(Q2) C L?() is compact (by the boundedness of
and the Rellich-Kondrachov compactness theorem, see e.g. [6, Theorem 1, p.
144]), we have a function v such that vy — v in L?(Q) by possibly replacing
{vx} by its subsequence. Moreover, ||[v]|2(q) = 1 since [|vg|[z2(q) = 1 for all
k.

Since || Vug||z2(q) < 1/k, we see that vy — vin H'(Q) and hence Vv = 0.

Thus v is a constant function. Because Mjv = limy_,o Mjvi, = 0, we
conclude that v = 0 which contradicts the fact that [|v][z 2y = 1. This
proves (A.10), and the Poincaré equality follows trivially from this. O
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